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Abstract. This paper contains the first two parts (I-II) of a three-part se- 
ries concerning the scalar wave equation Dgip = on a fixed Kerr background 
{M,ga,M)- We here restrict to two cases; (III) \o,\ « M, general ip or (II2) 
|o| < M, 1/) axisymmetric. In either case, we prove a version of 'integrated 
local energy decay', specifically, that the 4-integral of an energy- type density 
(degenerating in a neighborhood of the Schwarzschild photon sphere and at 
infinity), integrated over the domain of dependence of a spacelike hypersur- 
face E connecting the future event horizon with spacclike infinity or a sphere 
on null infinity, is bounded by a natural (non-degenerate) energy flux of 1/) 
through E. (The case (IIi) has in fact been treated previously in our Clay 
Lecture notes: Lectures on black holes and linear waves, arXiv:0811.0354 ) 
In our forthcoming Part III, the restriction to axisymmetry for the general 
\a\ < M case is removed. The complete proof is surveyed in our companion 
paper The black hole stability problem for linear scalar perturbations, which 
includes the essential details of our forthcoming Part III. Together with pre- 
vious work (see our: A new physical- space approach to decay for the wave 
equation with applications to black hole spacetimes, in XVIth International 
Congress on Mathematical Physics, Pavel Exner ed., Prague 2009 pp. 421- 
433, 2009, http://arxiv.org/abs/0910.4957), this result leads, under suitable 
assumptions on initial data of ip, to polynomial decay bounds for the energy 
flux of t/i through the foliation of the black hole exterior defined by the time 
translates of a spacelike hypersurface E terminating on null infinity, as well as 
to pointwise decay estimates, of a definitive form useful for nonlinear applica- 
tions. 
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1. Introduction 

The Kerr metrics gu.a constitute a remarkable two-parameter family of explicit 
solutions to the Einstein vacuum equations 

(1) -Rm- = 

and describe spacetimes corresponding to rotating stationary black holes with mass 
M and angular momentum aM, as measured at infinity. 

The family was discovered in local coordinates in 1963 by Kerr |53| . and within 
the subsequent decade, its salient local and global geometric features were defini- 
tively understood, especially through work of Carter [TS]. It is widely expected 
that the exterior region of the Kerr family is dynamically stable in the context of 
the Cauchy problem (see [21]) for ([!]), in fact, that for a wide range of initial data 
for ([I]), not necessarily close to data arising from 5a/, a j the solution metric g in 
an appropriate region asymptotically settles down to a member of the family. See 
the discussion in [55]. Indeed, it is this expectation which lies at the basis for the 
centrality of the Kerr metric in our current astrophysical world-view. At present, 
however, a mathematical resolution of even the stability question (i.e. the dynamics 
for spacetimes g initially very near gM,a) remains a great open problem in classical 
general relativity. Many of the important difficulties of this problem are already 
manifest at the linear level, for the conjectured stability mechanism would rest fun- 
damentally on the dispersive properties of waves (an essentially linear phenomenon) 
in the black hole exterior region. One must certainly address, thus, the following 
central mathematical question: 

Do waves indeed disperse on Kerr backgrounds, and how does one properly 
quantify this? 

1.1. Overview. Motivated by the above, we consider the scalar homogeneous wave 
equation 

(2) ngV = 

on exactly Kerr spacetimes {M.,gM,a)- The study of ^ can be thought of as a 
poor- man's linear theory associated to ([I]), neglecting, in particular, its tensorial 
structure. For results pertinent to the latter, see Holzegel [5T]. In the present 
paper, we shall restrict to either of the following cases: 

• The parameters of the Kerr metric satisfy \a\ « M . 

• The parameters of the Kerr metric are allowed to lie in the entire subex- 
tremal range |a| < M, but ■0 is assumed axisymmetric. 

The significance of the restriction \a\ « M is that the effect of superradiance (to be 
discussed below) is weak, and this weakness can be exploited as a small parameter. 
In the axisymmetric case, superradiance is in fact entirely absent. A forthcoming 
paper [39] will consider non-axisymmetric solutions for the general subextremal 
case \a\ < M, thus completing the study of the problem at hand. We provide in our 
companion paper [SS] the essential details of the proof in [35] . 

(Note: Part I of the present paper (consisting of Sections 17) already 
provides certain preliminary results relevant to the entire series. With 
the completion of Part III, Part I will be further extended so as to serve 
as an introduction to the entire series and will be broken off from part 
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II (Sections 8—10), which will retain the proofs in the cases (IIi), (II2) 
above.) 

1.1.1. Boundedness. The most primitive global question concerning solutions to 
([2]) which one must address is that of boundedness. The essential difficulty of 
this problem lies in the phenomenon of 'superradiance'. Briefly put, superradiance 
means that, since the stationary Killing field T becomes spacelike at some points 
of the exterior region for all Kerr spacetimes with \a\ + 0, the energy radiated to 
infinity can be greater than the initial energy on a Cauchy hypersurface. In fact, it 
is not a priori obvious that the energy radiated to infinity (and hence the solution 
pointwise, etc.) can be controlled at all. 

This long-standing open problem of energy and pointwise boundedness has been 
resolved previously in our [35] for solutions to ([2]) on a general class of axisymmetric, 
stationary black hole exterior spacetimes sufficiently close to the Schwarzschild 
metric, a class which includes as a special case the Kerr family gM,a for \a\ « M, 
as well as the Kerr-Newman family gM,a,Q for \a\ « M, \Q\ « M. 

Recall that the Schwarzschild family, discovered already in 1916, is precisely the 
subfamily of Kerr correponding to a = 0. For the Schwarzschild case, superradiance 
is absent as the stationary Killing field T is in fact non-spacelike everywhere in the 
exterior. Thus, the boundedness statement is much easier, though still non-trivial 
if one desires uniform control up to the horizon where T becomes null; for this, 
results go back to Wald [SS] and Kay-Wald [55]. See the discussion in [35] for 
many further references. 

The fact that under the assumptions of |34] . superradiance is weak and can be 
treated as a small parameter is fundamental for the boundedness proof. It is in fact 
more natural to discuss briefly the strategy of this proof in the following section, 
after discussing some of the ideas involved in proving decay, in particular because 
the main theorem of the present paper will retrieve the boundedness statement in 
the special case of the Kerr family with \a\ « M. 

We note finally that boundedness for axisymmetric solutions of ([2]) on Kerr 
exteriors in the entire subextremal range \a\ < M also follows from |35] . This 
latter case shares the feature with Schwarzschild that superradiance is absent, as 
the energy defined by T is nonnegative definite in the exterior when restricted to 
axisymmetric ip. 

1.1.2. Integrated local energy decay. The present paper thus concerns the problem 
of decay for ip precisely in the cases for which boundedness was previously known. 
Our main theorems (Theorem |1.1| and 1.2 below) state that, for the two cases 



outlined above: 

The spacetime integral of an energy-type density integrated over the domain 
of development of an appropriate surface E is bounded by an initial energy- 
type flux through S (see (Q ). 

The above spacetime energy density is non-degenerate at the horizon, but degener- 



ates at infinity and in a region to which "trapped null geodesies" (see Section 3.3 ) 
approach. Both these degenerations are necessary. The boundedness of a spacetime 
integral degenerating only at infinity can then be obtained (see ([t])) in terms of a 
higher order initial energy type quantity. Estimates (j4]) and ([t]) should be thought 
of as statements of dispersion which often go by the name "integrated local energy 
decay" . 
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Let US briefly put these results in perspective. In Minkowski space, the analogue 
of estimate Q , with degeneration only at infinity, was first shown in seminal work 
of Morawetz |69|, via use of an identity associated to a virial-type current. In that 
case, the analogous estimate applied to E = = 0} would take the form 

(3) [ {l+r)-'-'\dtM' + a + r)-'-'\drM' + r-'m'<Cs [ \dtM^ + \drM' 

JRi- Jt=Q 

for any S > 0, where r is a standard spherical coordinate and f denotes the induced 
gradient on the constant (r, t) spheres. Such estimates were extended to solutions 
of the wave equation outside of non-trapping obstacles in |70j . On the other hand, 
it was shown by Ralston |7Hj that in the presence of trapping, the integrand of the 
left-hand side of such an estimate must degenerate near trapped rays. Analogues 
of ^ in the Schwarzschild case a = 0, exhibiting for the first time the expected 
degeneration associated with the photon sphere of trapped null geodesies (see Sec- 
tion |3.3[ ) , were pioneered by [501 HI] > with unnecessary additional degeneration on 
the horizon, however. This degeneration was related to the fact that naively, the 
null generators of the horizon may seem to be subject to the trapping obstruction 
of Ralston, if one does not remark that their tangent vectors shrink exponentially 
with respect to the stationary Killing field. This is essentially the redshift effect. 
The degeneration at the horizon was then overcome in |32j by using a new vector 
field multiplier current which quantifies this celebrated effect. As we shall see, this 
is essential for the stability of the construction. Analogues of (Q, (I?]) for a = have 
by now been obtained, extended and refined by many authors [32l \\% l34t [21 [131 El] • 
See [36] for a detailed review. 

In passing from Schwarzschild to Kerr, two major difficulties appear immediately. 
One is the superradiance effect mentioned earlier, the other is the more complicated 
structure of trapped null geodesies. In view of the previous work described just 
above in Section 1.1. 1[ the former difficulty has been completely resolved in the 



cases under consideration. The latter difficulty was beautifully expounded upon by 
Alinhac [5], who explicitly showed that currents of the form of [35] can never yield 
nonnegative definite spacetime estimates on Kerr spacetimes for \a\ + 0, even in 
the high frequency approximation; this is essentially related to the fact that there 
are trapped null geodesies for an open range of r, whereas the construction of the 
currents of [32] implicitly rely on the fact that in Schwarzschild, all such geodesies 
approach the codimension-1 hypersurface r = ZM . 

It turns out that the "exceptionalism" of Schwarzschild from this point of view is 
in some sense merely an accident of the projection of geodesic flow to the spacetime 
manifold. On the tangent bundle, the dynamics of geodesic flow near trapped null 
geodesies is stable upon passing from a = to \a\ « M. This stabihty is in turn 
related to the separability and thus complete integrability of geodesic flow for Kerr 
metrics, first discovered by Carter [17) . 

The geometric origin of the separability of geodesic flow is subtle. Besides Killing 
fields T and $, the Kerr geometry admits a nontrivial independent Killing ten- 
sor [86]. It turns out that using the Ricci flatness, this implies both separability 
of geodesic flow and separability of the wave equation [18] . The latter provides a 
convenient way to frequency-localise the virial currents J^''^ of [32 [T2] and subse- 
quent papers, in a way intimately tied to both the local and global geometry of the 
solution. This localisation allows us to capture the obstruction to integrated decay 
provided by trapped null geodesies, overcoming the difficulty described in [5]. 
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The properties of geodesic flow are only suggestive of the high frequency regime 
of solutions V' of ([2j) . To retrieve the original spacetime integral estimates proven in 
the Schwarzschild case with the Morawetz-type current, one must understand the 
behaviour of such currents on all frequencies, including low frequencies outside of 
the "trapped" regime. For the case \a\ « M, one can essentially infer positivity by 
stability considerations from the previous constructions on Schwarzschild. In the 
general case \a\ < M, however, the existence of suitable currents providing positivity 
would depend on global geometric features of the Kerr metric. The geometric 
frequency-localisation we have employed is particularly suitable for exploiting this. 
This is all the more important to make contact with our forthcoming part III |39j . 
where low frequencies in the non-trapped but superradiant regime introduce a new 
important difficulty. See the discussion in our companion paper [38j. 

It is perhaps useful at this point to recall how boundedness was proven in [35] for 
the wave equation on suitable axisymmetric, stationary perturbations of Schwarz- 
schild. After applying appropriate cutoffs and taking Fourier expansions associated 
to the Killing directions T and one can partition general solutions into their 
superradiant and non-superradiant part, where the latter part is distinguished by 
the positivity of its energy flux through the horizon. The crucial observation is 
that for sufficiently small perturbations of Schwarzschild space, the superradiant 
part is non-trapped, and a Morawetz-type current could be constructed without 
degeneration, essentially from the original Schwarzschild construction and stability 
considerations. Adding, a small part of the 'red-shift vector field' component of the 
current as first introduced in 32 , and in addition, the stationary Killing vector field 
T, the boundary terms of this current could also be shown to be positive, without 
destroying the positivity of the spacetime integral. This observation (together with 
a new robust argument to show boundedness in the case where the energy fiux is 
positive through the horizon) was sufficient to prove boundedness for the sum of 
the superradiant and non-superradiant part. 

Turning back to the problem at hand, in view of the fact that boundedness has 
already been proven, we need not worry here about the sign of boundary terms in 
our construction. Of course, the observation due to [32! that the boundary terms 
can be made positive by adding a small amount of the red-shift current can be ap- 
plied directly here. Thus, the proof of Theorem |1.1| in fact reproves the boundedness 
statement, when specialised to the case of Kerr spacetimes with \a\ « M, and we 



have indeed set things up so that the boundedness statement (see (11 )) is retrieved 
rather than used. This emphasizes a philosophical point: when superradiance is 
small, one need not distinguish the superradiant part from the nonsuperradiant 
part, provided one is indeed proving dispersion for the total solution. This distinc- 
tion, however, is an important aspect of the general non-axisymmetric case \a\ < M. 
In particular, as in the general boundedness theorem |35| . it is essential to construct 
multipliers separately for the superradiant and non-superradiant regimes. See the 
discussion in Section [5. 3[ These constructions are already given in detail in Section 
11 of our companion paper j38j . 

1.1.3. Red-shift commutation and higher derivatives. Non-linear applications make 
it imperative to understand boundedness and decay properties for higher order 
quantities. In the usual application of the vector field method, these are typically 
proven via commutation with Killing fields, or, on dynamical geometries, vector 
fields which become Killing asymptotically in time. It is here essential that the 
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set of commutators span a timelike direction, so that all derivatives can then be 
recovered by elliptic estimates. 

Already in the Schwarzschild case, one is faced with the difficulty that the span of 
the Killing fields does not include a timelike direction at points on the event horizon. 
This difficulty was circumvented by Kay and Wald in their celebrated [52] for the 
purpose of proving pointwise estimates for ■0 itself on the horizon. Unfortunately, 
the method of [52_ was very fragile. In addition, the method was not able, for 
instance, to uniformly bound transversal (to the horizon) derivatives of tp- 

It was first shown in the context of our general boundedness theorem of |35j . 
referred to above, that commutation by a suitable transverse vector field to the 
horizon, though not Killing, has the property that the most dangerous error terms 
which arise have a favourable sign. This is yet another manifestation of the redshift, 
and, as shown in Section 7 of j36j , is in fact true for all Killing horizons with positive 
surface gravity. Using this commutation, one can obtain higher order decay results 
which do not degenerate at the horizon. We have included these statements in our 
results. See Theorem 11.31 

1.1.4. Further decay. On the surface, the local integrated decay statement of The- 
orems |1.1| and |1.2| appears to be a very weak statement of dispersion, seemingly 
far from the type of statements necessary to obtain non-linear stability results as 
in |25j . It turns out, however, that it is the essential ingredient in obtaining further 
decay. 

This fact was already partially apparent from work in the Schwarzschild case. 
In addition to proving a version of Theorem |1.1| for a = incorporating for the first 
time a vector field estimate capturing the red-shift effect, our |32j gave a method for 
then inferring quantitative decay of energy through a suitable foliation, through use 
of a suitably constructed conformal Morawetz multiplier. Independently, a related 
argument was developed in [14, . The construction of the conformal Morawetz 
multiplier appeared however to still be sensitive to the global geometry all the way 
up to the event horizon. In |37| and our companion |40| . however, it is shown that for 
a wide class of metrics, (i) a local integrated decay statement as in Theorem [TT] (ii) 
a uniform boundedness statement as in |35j , and (iii) an additional estimate whose 
validity depends only on the asymptotic behaviour of the metric at null infinity are 
together in fact sufficient to prove quantitative decay of energy (through a suitable 
foliation) and pointwise decay of the form useful for non-linear stability problems. 
We note that this argument has other potential applications unrelated to the black 
hole case. In particular, one need not assume the metric to be stationary (or even 
asymptotically stationary as t ^ oo; see the recent nonlinear application of [HH])- It 
is fundamental, however, that the local energy decay statement be nondegenerate 
at horizons, if the latter are present. For completeness, we will include in this paper 
a version of the resulting decay estimates (Theorem |1.4[ ) for the Kerr case. In this 
context, we note also an independent Fourier based method of obtaining refined 
pointwise decay estimates |81) from Theorem |1.1[ relying heavily however on exact 
stationarity. 

1.1.5. Final remarks. A version of Theorem |1.1| and its proof first appeared as 
Proposition 5.3.1 of our Clay lecture notes [36], where, in addition, an earlier 
method for turning this into energy and pointwise decay (Theorem 5.2), closely 
following [32], was also presented. The original method of proof of Theorem 5.2 
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has been extended to yield additional decay on Kerr by Luk [63j via commutation 
by the scaling vector field, following a method he introduced in the Schwarzschild 
case [62" . Furthermore, this additional decay is then used in [63j to obtain a stabil- 
ity result for the wave-map equation on Kerr for \a\ « M . Note that this additional 
decay is also retrieved in the statement of Theorem |1.4| and its corollaries. 

We give here a new proof of Theorem |1.1| in order (i) to give a self-contained 
presentation in paper form not depending on the previous delicate constructions 
on Schwarzschild (see (351[T21|31] and subsequent papers), (ii) to unify it with the 



proof of Theorem 1.2 which appears here for the first time, and in addition, (iii) to 
introduce constructions and notations which will be used in the forthcoming Part 
III |39) concerning the case of non-axisymmetric solutions for the general parameter 
range \a\ < M. See also our companion 38J which gives a complete survey, including 
the essential details of the constructions of [39j . 

We mention finally that in parallel with the results of |36| concerning decay, there 
are two independent other approaches to the problem for \a\ « M which have since 
appeared, due to Tataru-Tohaneanu [82j . and, more recently, Andersson-Blue [3]. 
The former replaces frequency localisation via Carter's separation with a technique 
based on the standard pseudo-differential calculus, whearas the latter introduces 
an innovative alternative technique for frequency localisation via commutation by 
higher order operators related to the Killing tensor, but requires a high degree of 
regularity and fast decay of initial data near spatial infinity. Another important 
related development is due to Tohaneanu [83 , who, starting from integrated decay 
estimates in [82) . shows Strichartz estimates with nice applications to semi- linear 
problems. 

1.2. Statement of the main theorems. 

1.2.1. Notations. The statement of the main theorem will depend on a number of 
definitions and notations, which we briefly summarise here. These notions will be 
developed formally further in the paper. 

The reader familiar with Carter-Penrose diagrammatic representations may wish 
to refer to the figure below: 




Let TZ denote the underlying manifold of Section 2.1 and, for parameters |a| < M, 
let gM,a denote the Kerr metric as defined in Section 2.2 (Note that TZ corresponds 
to an exterior region including as its boundary the future event horizon "H^ but not 
the past event horizon.) Integrals on general spacelike or timelike submanifolds of 
TZ will always be taken with respect to the induced volume form from a gM,a with 
parameters to be specified at each instance. 

Let T and $ denote the vector fields of Sections |2.1|^2.2| and let denote the 
1-parameter family of diffeomorphisms generated by T. Note that for all ^Ma, T 
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will correspond to the stationary Killing field, and $ will correspond to the Killing 
field generator of axisymmetry. 

We will in general consider the class of so-called "admissible" hypersurfaces, to be 



defined in Section 4.4 The definition of admissibility depends on the parameters 
M > gq, and applies for all metrics gM.a with \a\ < ag. What is depicted in the 
diagramme is an admissible hypersurface "of the second kind" . 

The following notions will depend on the metric ga.Mi on both the parameters 



\a\ < M chosen: Let r denote the coordinate of Section 2.2 Let Z* denote the unique 
smooth extension to TZ of the coordinate vector field 9,. defined with respect to Kerr- 
star coordinates, whereas let Z denote the unique smooth extension to int(72.) of dr 



defined with respect to Boyer-Lindquist coordinates (see Section 2.4 1. Note that Z* 
is transverse to H^, whereas Z would not extend smoothly to Ti.^ . Note also that 
for \a\ « M, we have Z* = Z in r > 5il//2, by our definition of Kerr star cordinates. 
Let N denote the vector field of Section [5] This is a timelike, iy9^-invariant vector 
field transverse to "H^, which coincides with T identically sufficiently far from the 
horizon. Let r+ denote the limiting value of r on "H^, r+ = M + \/ AP - . Let ^, 'p 
denote the induced metric and covariant derivative from ga,M on the §^ factors of 



Ti. in the differential-topological product (13). For a general spacelike hypersurface 



E c 7?,, we let ns denote the unit future normal. Let D^{Y,) denote the future 
domain of dependence of E in TZ. Finally, for a general vector field V , let J^[V'] 



denote the 1-form 'energy' current defined in Section 4.2 
1.2.2. The statement for \a\ « M. 

Theorem 1.1. Fix M > 0. There exists a constant e = e{M) > such that for all 
< oq < e, the following statement holds: 

There exist smoothly depending positive values s^(ao. A/) with with s^(0, Af) = 
such that the following holds. Let E be an arbitrary admissible hypersurface in TZ 
(of the first or second kind) for parameter M. Then, for all 5 > 0, there exists 
a constant B = B{T,,5) = B{lPt{Y,),5) such that for all \a\ < ag, considering the 
metric gM.a on TZ, r+ < 5M /2 < 3M - s" , and such that for all sufficiently regular 
solutions ip of ([2]) with g = gM,a on D^{Y,), the following inequalities hold (all 
metric dependent quantities referring to g = gM,a, as described above) for ip 



[r-\l - ^[3M-s-,3M..^])(l - iMlrf{\n? + r-\{Ti^f)) 



(4) +r-^-\Z*i^f + r-''-\4,-i^^f) 



<Bj^3^MY' 



S' 



Vr>0, 



(5) / j;rM<<i? rj;rM<, 

where 4:TTijj'^ = lim^'^oo fsn{r=r'} ''"^IV'Pj '^'^'^ V denotes the indicator function. 

The term 'sufficiently regular' above just means solutions of Dgip on Z?^(E) such 
that on any compact spacelike hypersurface- with-boundary E c £)^(E), then tp 
and Uj^ip have well-defined traces on E which are in if[^^(E), L^q^(E) respectively. 
There exists a unique such solution for appropriately defined initial data along E. 
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See Section [45] Note that under these regularity assumptions, i/'oo is weU defined 
and is finite if the right hand side of Q is finite. 

Statement Q is the analogue for Kerr of Morawetz's estimate ([sj) for Minkowski 
space and the integrated decay estimate of . 32j for Schwarzschild. The inclusion 
of the (1 - 3M/r)^ factor is so as to obtain uniform constants as gq 0, so as to 
retrieve in particular the Schwarzschild result, for which Theorem |1.1| provides in 
fact an independent proof. 

Let us note that ([s]) followed from our previous boundedness theorem of [55] . 
when the statement of the latter is restricted to the Kerr family. As discussed 
above, our theorem gives an independent proof of this statement in the Kerr case. 
The theorem of |35j also gave an inequality similar to but weaker than (|6]), with 
3^[ip]ni^+ replaced by |J^[''/']"'7!i+l a-nd without the O'th order term. 

We note immediately; 

Corollary 1.1. Under the assumptions of the above theorem, 

(7) f r-'-'j^im" + r-'-'ii' - ^^f < B [(J^m + 

Let us note finally that the proof in fact yields an estimate for solutions to the 
inhomogeneous equation 

(8) = F, 
which we here omit for reasons of brevity. 



1.2.3. The statement for axisymmetric solutions. Our second main theorem of the 
present paper concerns the entire subextremal range \a\ < M but is restricted to 
axisymmetric solutions. 

Theorem 1.2. Fix M > 0. Then for each < oq < M , 5 > Q, and each E admissible 
foroQ, M, then for all \a\ < Qq, there exist values s^(a), with r+{a,M) < 3AI - s^ , a 
constant B = i?(aQ, S, S), and a cutoff function Xaif), with Xa = 1 for r > 3M - 
and Xa = for r < (r+ + 3M - s^)/2, such that defining Z* = XaZ + (1 - Xa)Z* , then 
the following statement holds. 

For all \a\ < ag, and all sufficiently regular solutions "0 of ([2]) with g = gM,a on 
D^{Y,), which moreover satisfy 

(9) $(1^) = 0, 

the inequalities ^-([t]) hold, with Z* in place of Z* . 

The restriction ([9]) is removed in our companion paper [39| . 

A posteriori, we note that one could have defined Kerr star coordinates so as 
for the distinction between Z* and Z* to be unnecessary, but this would require 
making the definition depend on certain constants that only appear in the proof of 
our theorem. 

1.2.4. The higher order statement. 

Theorem 1.3. Let M, oq, a, gM,a, , "0 be as in Theorem \l.l\ or fl~^ 
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Then, for all S > and all integers j > 1, there exists a constant B = B^E, 6,j) = 
B{ipT-{Y.),S,j) such that the following inequalities hold (all metric dependent quan- 
tities referring to g = gM,a, o,s described above) for ip 



L 



(10) <BZ,<_,,_,_if^3^[N^^]n^^, 

r ^ irT-(z*)'^^|2 < B ^ r j;r[7vvK 

(11) < B 

0<j<j-l -'^ 

(12) E LnZ.n.J^^^"^^'^"^^'^-'' ^ Xj.'^t^V]".' 



Vr > 



where again, Z* should be replaced by Z* in the case of Theorem 



1.2 



For given fixed j >l^ the regularity assumption on implicit in the above state- 
ment is that on any compact spacelike hypersurface-with-boundary E c 
then -0 and rij,?/' have well-defined traces on S which are in H^^^{T,) 
respectively. 

Note that the first line of (11) is simply an elliptic estimate whereas the second 
asserts uniform boundedness of non-degcneratc higher order energies. Again, (11) 
in the case of the assumptions of Theorem |1.1| followed from our previous bound- 
edness theorem of when the statement of the latter is restricted to the Kerr 
family. 

1.2.5. The statement of further decay. In view of Theorem |1.1| and the results 
of [371 140j . we may obtain further decay estimates, precisely of the form in principle 
compatible with non-linear applications. 

We give here only an example of the type of statement that can be shown. The 
formulation of the result will require expanding the set of multiplier and commuta- 
tor vector fields: Let ili, i = 1, 2, 3, denote a set of angular momentum operators for 
the ambient Schwarzschild metric gM (see Section 2.8), let L denote the outgoing 
null vector 

2 

- P_ 2^ _)_ ^ 

VA(p2 - 2Mr) 

and let L = xL where x = for r < 3M say, and x = 1 for r > 5Af. We have 

Theorem 1.4. Under the assumptions of the above theorems and S an admissible 
hypersurface of the second kind, then there exists a constant B = -B(S) = i?((/)^(S])), 
and, for each 5 > Q a constant Bg = B(Ti,5) = B{(f>T-{'E),6), such that for all suffi- 
ciently regular solutions ijj of ([2]) on (Yi), 



^ i,+i,<10<fc<2£=l 
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Note that the above statement, together with a re-apphcation of Theorem |l.lf - 
appUed now with S replaced by c/jtCE)^ yields decay results (in r) for spacetime 
integral on the left hand side o f ([4| ). This type of statement is in fact used in the 
course of the proof of Theorem |1.4[ 

From the above results, applied to ip^ Tip, etc., and standard application of 
the vector field method, elliptic estimates, Sobolev inequalities, together with the 
additional red-shift commutation of Section |5.4[ one can obtain pointwise decay 
results of the form: 

Corollary 1.2. Under the assumptions of the above, we have 

sup r\ijj-ijjo^\<BVET-^^^, 

sup |i^-Voc|<Sj^,5\/^T-3/2+5, 

¥>^(S)n{r<_R,} 

sup |j;:Mivn<Sfl.5i?T-^"', 

<p^(S)n{r<_R} 

where in each inequality, E denotes an appropriate quadratic integral quantity de- 
fined on E. 

All these estimates have extensions to arbitrary derivatives of the solution (of 
arbitrary order), including derivatives transverse to the horizon. 

From the point of view of applications to quasilinear problems, past experience 
would suggest that the above type of results should be viewed as the definitive 
statements of decay (cf. the role of decay results in the stability of Minkowski 
space [25|). Less decay may not be enough to absorb error terms in stability proofs, 
whereas more refined decay statements (e.g. the familiar Price law tails from the 
physics literature, see [29 ), requiring of course more restrictive assumptions on 
data, are potentially unstable in the context of the dynamical geometries of interest, 
and in any case, do not yield any added benefit for non-linear stability proofs. 



In fact, it is immediate from the identity of Proposition 5.1.1 extended (simply by 
continuity!) to a region r >r+ - e(a, M), that any boundedness and suitable decay 
result holding uniformly up to the horizon is propagated for instance to r+ - e. 
More interestingly, this observation (first due to [55]) is stable in the consequence 
of dynamical spacetimes where the event horizon and apparent horizon do not in 
general coincide. The interesting question for black hole interiors is not, however, 
one of stability, but instability as one approaches the Cauchy horizon. This problem 
has a long tradition of study: see [73] and [571 HH] in the context of the Einstein- 
Maxwell-scalar field system under spherical symmetry. (In the Kerr solution, the 
Cauchy horizon corresponds to a hypersurface r = r_ in maximally extended Kerr.) 
Further discussion of the behaviour ijj in the black hole interior is thus best left to 
such a context. 



1.3. Other decay-type statements. There are many other important statements 
(mode stability, some partial nonquantitative results on azimuthal modes) which 
have appeared in the literature, at various levels of rigour. As a representative 
sample, we mention [571[7S1I3H1I321I33]- See our [33] for a discussion of this literature. 
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1.4. Related spacetimes and equations. We note finally that there has also 
been interesting work on the Dirac equation |42[ 147] on Kerr backgrounds, for 
which superradiance does not occur, and the Klein-Gordon equation in [51 146) . in 
the case of non-superradiant modes. In the Schwarzschild case, there are a number 
of papers on related equations. We note especially the work of Blue [10] on the 
Maxwell equations. 

All questions considered have analogues in higher dimensions. For the wave 
equation on higher dimensional Schwarzschild, Schlue [79j has recently obtained 
both integrated energy decay and decay bounds for the energy flux and the solution 
pointwise. See also [61 . 

When a cosmological constant A is added to the Einstein equations to give 



there corresponds a related family of solution spacetimes, which in the case A > 
is known as Kerr-de Sitter, whereas in the case A < is known as Kerr-anti de 
Sitter. For the A > case, results have been obtained for the Schwarzschild-de 
Sitter subcase by [33l HI] and recently extended in [65] • Putting together the 
methods described here with should yield a generalisation to the Kerr-de Sitter 
case for small a, but it would be nice to work this out explicitly. In the case of 
Kerr-anti de Sitter, we note the recent work of Holzegel [50] . 

2. The Kerr spacetime 

2.1. The fixed manifold-with-boundary TZ. Let TZ denote the manifold with 
boundary 



We define standard coordinates y* for M^, t* for M, and standard spherical coor- 
dinates (9*,(j)*) . Strictly speaking, the latter is only a coordinate system on the 
subset of corresponding to (0,7r) x (0,27r), but we shall extend these functions 
and the associated coordinate vector fields to all of in the usual fashion. 

The collection {y* , t* , 6* , (f)* ) define a coordinate system on TZ, global modulo 
the degeneration of the spherical coordinates remarked upon above. We will refer 
to these as fixed coordinates. 

Let us introduce the notation = dTZ = {y* = 0}. We will refer to as the 
event horizon. 

Let us denote T = dt*, $ = , where, as remarked above, the latter is to be 
understood as the extension of the coordinate vector field to all of §^ in the usual 
way. 

Let ipr denote the one-parameter family of diffeomorphisms generated by T. 

We have defined fixed coordinates precisely so that the differential structure of 
the ambient spacetimes TZ, the vector fields which are to be Killing, and the location 
of the horizon, are all independent of the Kerr parameters to be introduced in what 
follows. 

2.2. Kerr-star coordinates. Let V c denote the subset {{xi,X2) : < xi < 
X2}- Define a smooth map 



(13) 



7^ = M+ xMx§2^ 




) 



14 



MIHALIS DAFERMOS AND IGOR RODNIANSKI 



such that ?'|{(a;i,a;2)}x(o,oo) IS & diffeoixLorphism (0,oo) + \l x\ - x\, oo) which 

moreover restricts to the identity map restricted to {(xi,X2)} x (3a;2,oo). 

Now, for each fixed parameters < a < Af , the coUection (^(a, M, y*),t* ,9* 
determines a coordinate system on TZ, gfobal modulo the well-known degeneration 
of the spherical coordinates on These will be known as Kerr-star coordinates. 
In what follows, we shall denote r{a, M,y*) simply as r. As opposed to our fixed 
coordinates on TZ, this latter coordinate depends on the parameters, although in 
the region y* > 3A/, then r = y* and is thus independent of parameter a. The 
coordinate vector fields df and c?^* of Kerr-star coordinates always correspond to 
the coordinate vector fields of the original fixed coordinate system, i.e. for all a, M 
we have dt* = T, d^* = $. 

Let us define 

r± = M ± \/Af2 -a2; 

note that these are smooth functions of the parameters in the range in question, 
i.e. as functions r± : ^ M. The horizon T-L^ corresponds to r = r+. 

Let us define Z* to be the smooth extension of the Kerr-star coordinate vector 
field dr to TZ. 

2.3. The coordinate r* . Given parameters \a\ < M, we define a rescaled version 
of the r coordinate on r > r+ by 

where 

(15) A = r2-2A^^ + a^ 

after suitably chosing a value for r* = 0. For definiteness, let us say r*{3M) = 0. 
Note that A vanishes to first order on H^. The coordinate range r > r+ corresponds 
to the range r* > -oo. 

2.4. Boyer-Lindquist coordinates. Let \a\ < M be fixed parameters and {t* ,r, 9* ,(/)*) 
be an associated system of Kerr star coordinates on TZ. In mt(TZ), i.e. for r > r+, 

we define 

t{t\r) = t* -t{r) 
\r) = (j)* - 4>{r) mod 27r 



where 

(16) t{r) = r*{r)-r- r*{9M/4) + 9M/4, for r+ < r < ISAT/S, 

(17) t{r) =0 for r> 9M/4 
and i is chosen so as to satisfy everywhere 

, , d(r*-t) ( 2Mr^\d(r*-t) 

(18) -^ ^>0, 2-1 -^ ^>0. 

dr \ P / 

One easily constructs such a i by smoothing the function defined by (|16h for r < 



9M/A and ([T7j) for r > 9Af/4. 

The coordinates {t,r, 9, cf)) map int(7?.) to (-00,00) x (r+, 00) x [0, vr] x [0, 2it) and 
are global modulo the degeneration of the spherical coordinates; we shall call these 
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Boyer-Lindquist local coordinates. Note that all coordinates except 9 depend in 
fact on the parameters a, M. 

As before, the Killing fields T and $ correspond to the coordinate vector fields 
dt and d^. We apply here the standard abuse of notation in considering these 
coordinates at = 0, tt, and at = 0, where they are not regular. 

Let us define Z to be (the extension to int(7?.) of) the Boyer-Lindquist coordi- 
nate vector field dr- This vector field is significant as it will define the directional 
derivative that does not degenerate in the integrated decay estimate due to trap- 
ping. 

2.5. The Kerr metric. Given parameters \a\ < AI, with the help of the associated 
(parameter-dependent) Boyer-Lindquist coordinates, we may now define the Kerr 
metric gM.a- Let us first define the function 

2 2,2 2 /1 

p = r + a cos 0. 



This notation, along with the notation A from (15), are traditional. The Kerr 
metric gM.a is then defined as the unique smooth extension to TZ of the tensor 
given on the Boyer-Lindquist chart by 

(19) gMa = (dt- asiri^ ed(t)f + ^dr"^ + p^dO'^ + iadt - (r'^ + a^)d(j)f . 

pZ \ 'A 

In Boyer-Lindquist coordinates, one immediately recognizes the standard Schwarz- 
schild form 

(20) -(l-^)dt2 + (l-?^j 'dr2 + r2(df?2 + sin20d02) 

of the metric when a = 0. The significance of Boyer-Lindquist coordinates is that 
it is with respect to these that the covariant wave operator separates. 



That the expression ( 19 ) indeed extends to a smooth metric on 7?. is clear from 



examining its form in Kerr-star coordinates, in the region r < 15A//8 where t is 



given by exactly (16). There we compute 



p^ / p^ \ p^ 

dt*d(j)* + p'{de*f 



4aM r sin^ 



p2 

[(r2 + a2)2- Aa2sin2 6'] . ,,*^2 2a(2Mr + p^) sin^ 61 , 

21 ^—^ ^-sin' e(d(t)*f 5^ ^-^^ drd<j)*. 

p^ p-^ 

We note from the explicit form of the metric gM,a that the vector fields T and 
$ are manifestly Killing. Moreover, we easily see from the form of the metric that 
when a 0, r is spacelike on the horizon 'H"^, except where = 0,7r, i.e. on the 
so-called axis of symmetry. We will have more to say about this in Section [3^21 

Let us note that we have arranged the definition of Kerr-star coordinates so 



that the hypersurfaces t* = c are spacelike (see the conditions (18)). In the region 
r < 15M/8, we have in fact 
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A final remark: It would be possible to define the Kerr family on the fixed TZ so 
that one has smooth dependence up to and including the extremal case a = M, but 
one would have to set things up slightly differently. 

2.6. The Carter-Penrose diagramme. For the reader familiar with Carter- 
Penrose representations, then the region TZ corresponds to 




Given appropriate definitions of asymptotic structure, then 

interpreted in the topology of maximally extended Kerr (see [491 ) , where , I~ are 
connected components of future and past null infinity corresponding to the same 
end. It is in this sense that TZ corresponds to a domain of outer communications 
(including future event horizon) of a spacetime containing both a black hole and a 
white hole region. We shall not attempt here a formal development of these notions. 

Alternatively, as is common in the formulation of black hole uniqueness theory 
(see IT]), one can characterize TZ as follows: Let U denote a connected component 
of the subset of points x such that T{x) is timelike, future pointing. Then 

TZ=clos{r{U))nJ^{U). 

See 




o 



Here U is the lightest shaded region and TZ is the union of the two lighter shaded 
regions. 

2.7. The event horizon as a Killing horizon. For each gM,a with \a\ < Af, 
the Killing vector field 

is null and normal to . Thus is a Killing horizon. The vector field K is 
sometimes known as the Hawking vector field. We note the identity 

(22) \/kK=kK, 
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where 

The quantity k is known as the surface gravity. We note that k, vanishes in the 
extremal case \a\ = M. 

We remark finaUy that the vector K restricted to the horizon coincides with the 
smooth extension of the coordinate vector field dr* of the {r*,t,9,(f)) coordinate 
system. 

2.8. Asymptotics and angular momentum operators. Besides the smooth 
dependence of 5m, a on it will be useful to remark that for fixed a and large r 
values, gM.a is very close to gM- 

We may define a standard basis Qi, il2, ^3 of angular momentum operators 
corresponding to gM, such that moreover, 17i = <i> say. These are just a standard 
set of generators for the Lie algebra so(3) corresponding to the spherical symmetry 
of gM- 

We note that ili span the tangent space to the §^ factors of the differcntial- 



topological product ( 13 ) 



For future reference, let us introduce here the notation ^, "pto denote the induced 
metric and covariant derivative from ga.M on the S'^ factors of TZ in the differential- 



topological product (13) 



2.9. The volume form. We shall often go back and forth between divergence 
identities which arise geometrically and those which are computed explicitly in 
various coordinates. For this the following remarks may be useful. 

We note that the volume form in Boyer-Lindquist coordinates satisfies 

dV = v{r, 9) dt dr dV^ with w ~ 1 

using the alternative r* coordinate, 

dV = v{r\ 9) dt dr* dV^ with u ~ A/r^ 

and in Kerr-star coordinates 

dV = v{r,9*)dt* drdV^ with 1; ~ 1. 

Let 7 denote the standard unit metric on the sphere in {9^(j}) coordinates. We 
have that ^ ~ r^7, and thus we may replace dV^ in the above using 

dVi=v{r,9)r'^s\ned9d(l) with 1; ~ 1. 



3. The geometry of Kerr 

The geometry of the Kerr solution has been treated at length in the literature, see 
for instance [72] • We will discuss here only those features that will be particularly 
relevant to the considerations of this paper. 
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3.1. Surface gravity and the redshift. An important stabilising mechanism for 
the behaviour of waves near black hole event horizons is what we shall here call 
the "horizon-localised" red-shift effect. Recall that this is the red-shift relating two 
observers A and B, where B = (^^-(yl) for r > 0, both crossing the event horizon: 



At horizon crossing time, the frequency of waves received by B (measured with re- 
spect to proper time) from A are damped (in comparison to the frequency measured 
by A) by a factor exponentially decaying in r. 

The above effect depends in fact only on the positivity of the surface gravity. 
Recall that we have already defined this notion in the case of a Kerr geometry in 
Section 2/7 More generally, if T-L^ is a Killing horizon and K is the distinguishecj^ 



Killing null generator of such a horizon, then the surface gravity is defined to be 
the function k such that 

(24) S7kK=hK. 

Under various conditions on the ambient spacetime, the function k can be shown 
to be constant. 



We leave it to the reader to directly relate the positivity of n (see (24)) with 
frequency measurements of observers A and B. More relevant for the present 
considerations, as shown in j36] , the condition k > translates into a positivity 
property near "H^ in the energy identity associated to a suitably constructed vector 



field multiplier N. In view of (23), this construction is thus applicable in the Kerr 
case. See Section [5j It is in this manifestation that the red-shift effect plays a role. 

We have already remarked that the surface gravity k vanishes precisely in the 
extremal case \a\ = M. It should be clear from this discussion that an additional 
new difhculty that would arise in the extremal case \a\ = M is the failure of the 
analogous identity for N. Similar phenomena occur in the extremal case of the 
spherically symmetric Reissner-Nordstrom family |49j . i.e. the case of parameters 
Q = M. In very recent work, Aretakis i4j has constructed an analogue of the vector 
field N for the extremal Reissner-Nordstrom case, which yields a spacetime integral 
estimate in which transversal null derivatives of ip degenerate at the horizon. From 
this, the sharp boundedness and decay results for waves on such a background are 
obtained. In contrast to the non-extremal case, it is shown moreover in that 
decay for translation-invariant transversal derivatives to the horizon cannot hold 
for general initial data, and in fact, in general, higher transversal derivatives blow 
up as advanced time progresses along the horizon. 

3.2. The ergoregion and superradiance. In general, the subset £ cTZ where T 
is spacelike is known as the ergoregion. The boundary d£ of £ (in the topology of 
71) is called the ergosphere. 



^We take typically a generator of the form T + c^, whore T is the stationary Killing field. 
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Under these conventions, we see easily that in the Schwarzschild case a = 0, 
8 = 0. If a + 0, then £ + 0, and d£ n T-L^ = {6* = 0,7r} n under our standard 
abuse of notation. 

For all < |a| < M, we have 

sup r = 2M, 



s 



and thus 



(25) limsupr - r+ = lini(2M - r+) = 0. 

It follows that, for small \a\ « M, the ergoregion lies very close to the horizon, in 
particular, it is contained in the region where the red-shift mechanism operates, in 
the sense of Section [S) More on this below. 

The ergosphere allows for a particle "process", originally discovered by Pen- 
rose [73], for extracting energy out of a black hole. This came to be known as 
the Penrose process. In his thesis, Christodoulou j22j discovered the existence of 
a quantity-the so-called irreducible mass of the black hole-which he showed to be 
always nondecreasing in a Penrose process. The analogy between this quantity and 
entropy developed into a collection of ideas known as "black hole thermodynam- 
ics" [9]. This remains the subject of intense investigation from the point of view of 
high energy physics. 

In the context of solutions ip of the wave equation, if p e £, then it is no longer 



the case that the energy density 3j^[^p]n'^ (p) (see the notation of Section 4.2) is 
necessarily non- negative for n'^ a future-directed timelike vector at p. Thus, the 
conservation law for Jj[V'] no longer yields a priori control of a non-negative definite 
quantity in the derivatives of ip. The fiux of energy to null infinity can thus be larger 
than the initial energy. This is the phenomenon of superradiance , first discussed 
by Zeldovich Moreover, a priori, this flux can be infinite. (Bounds for the 

strength of superradiance were first derived heuristically by Starobinsky |80j in 
various asymptotic regimes.) As discussed in the introduction, it is for this reason 
that the problem of obtaining any sort of boundedness property, even away from 
the horizon, is so difficult in Kerr. This was the difficulty which was first overcome 
in [35]. 

As in [3S], the present paper exploits the fact that the "strength" of superradi- 
ance can be treated as a small parameter. Essentially this means that given the 
vector field N referred to in the section above, and given an arbitrary e > 0, then 
for sufficiently small oq > 0, the vector field T + eN is timelike with respect to all 



gM,a with \a\ < Op. This is of course related to (25). See Section [5. 3[ 

Let us note that in the case of arbitrary oq < M, \a\ < uq, superradiance is absent 
if tp is assumed axisymmetric, i.e. $(1/") = 0. This is because, although T fails to be 
everywhere causal, the flux 3j^[i^]ni^+ through the horizon is nonnegative. This in 
turn is related to the fact that the null generator n-u+ of the horizon is of the form 
T + c{a,M)^. 

In the general case of arbitrary ag < M, \a\ < Og, without axisymmetry, the effect 
of superradiance cannot be treated as a small parameter and is now a priori strongly 
coupled to the other difficulties. In particular, there are trapped null geodesies (see 



Section 3.31 that remain in the ergoregion for all positive affine time. Nonetheless, 
it turns out that the situation is much better than it initially appears and the 
difficulty of superradiance can again be resolved, combining the ideas of [32] with 
those of the present paper. See further comments in Section [573] and our companion 
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paper j38], where the necessary constructions of our forthcoming Part III [39] are 
given in detail. 



3.3. Separability of geodesic flow and trapped null geodesies. The high 
frequency behaviour of solutions to wave equations is intimately related to the 
properties of geodesic flow. 

In the Schwarzschild case a = 0, geodesic flow is easily understood because the 
Hamilton-Jacobi equations separate. This in turn follows immediately from the 
dimensionality of the span of the Killing flelds T, fii, il2, 5^3. Geodesic flow on the 
Schwarzschild metric is described in detail in many textbooks. One sees from the 
resulting equations that there are null geodesies which for all affine time remain on 
the hypersurface r = 3M, the so-called photon sphere. With reference to suitable 
asymptotic notions, we can make the following more general statement: If 7(5) is 
a future-directed inextendiblc null geodesic in Schwarzschild {TZ,gM,a) with 7(5) e 
TZ \ for all s > sq, such that moreover for all p e , 3s such that 7(3) ^ J {p), 
then limg^oo ?'(7(s)) = 3Af . 

As already mentioned in the introduction, in view of general results due to 
Ralston [75] , the above property restricts the type of decay statement that one can 
hope to prove. The constructions of the energy currents of [TJ] |33J [T^ and 
subsequent papers, used to prove integrated decay, are thus intimately related to 
trapped null geodesies, in particular, the vector field multiplier X related to the 
currents 3^''^" applied there, vanishes precisely at r = 3M. 

Turning now to the general Kerr case, remarkably, as discovered by Carter |17j . 
geodesic flow admits, besides the conserved quantities associated to the Killing 
fields T and 4>, a third non-trivial conserved quantity (the 'Carter constant'). Thus, 
geodesic flow remains separable and can be completely understood. The dynamics 
is described in some detail in [T9] . 

In contrast to the Schwarzschild case, there are now null geodesies with constant 
r for an open range of Boyer-Lindquist-r values. However, restricting to geodesies 
sharing a fixed triple of the nontrivial conserved quantities, there is at most one 
r- value, depending on the triple, to which all null geodesies neither crossing 'H^, 
nor approaching I^, must necessarily asymptote to towards the future. 

The above suggests that the underlying dynamics of geodesic flow is similar 
(for the entire range \a\ < M) to the Schwarzschild case, but to capture this in 
the high frequency regime, the proper generalisation of the currents must be 
frequency-localised so as to vanish at an r-value depending on quantised versions 
of the conserved quantities corresponding to trapped null geodesies. 

There is a convenient way of doing phase space analysis in Kerr spacetimes which 
is strongly linked to their geometry and the dynamics of geodesic flow. Namely, as 
discovered again by Carter [18], the wave equation itself can be formally separated, 
and the separation introduces frequencies uj, m, and Xmt- which can be indeed 
thought of as quantised versions of the conserved quantities associated to geodesic 
fiow. 

None of these separability properties is in fact accidental! Walker and Pen- 
rose [86] showed shortly thereafter that both the complete integrability of geodesic 
flow and the formal separability of the wave equation have their fundamental origin 
in the presence of a Killing tensor. It turns out that, in view of Ricci flatness. 
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all three properties, i.e. separability of wave equation, separability of Hamilton- 
Jacobi, and existence of a Killing tensor, are in fact equivalent. See |201 159j for 
recent higher-dimensional generalisations of this statement. 

Carrying out the separation involves various technical issues as one must take the 
Fourier transform in time, something which a priori is not possible. On the other 
hand, it allows for a clean way to deal not only with frequencies in the trapped 



regime (see Section 9.51, but with low frequencies (see Section 9.3). The flexibility 
provided by this geometric frequency localisation is particularly important in our 
forthcoming Part III [31] where stability arguments from delicate Schwarzschild 
constructions cannot be carried over. (The reader can already refer to the discus- 
sion of Section 7 of our companion paper |38j and the detailed constructions of 
Section 11 of [35] for the general \a\ < M case.) We have thus taken this oppor- 
tunity to formulate our constructions here so as to yield an independent proof of 
the Schwarzschild case, which, though having the disadvantage of being dependent 
on frequency localisation, has the advantage that it does not require "fine-tuning" 
parameters in the sense of all previous constructions [32l [34l [121 iM| • 

4. Preliminaries 

4.1. Generic constants and fixed parameters. We shall use B to denote poten- 
tially large positive constants and b potentially small positive constants, depending 
only on M, and, in the case of Theorem [1. 2 [ also on oq, potentially blowing up in 
the extremal limit oq M. Note the algebra of constants: B + B = B, BB = B, 
Bb = B, B-^ = b, etc. 

Constants which additionally depend on other objects will be expressed for ex- 
ample as follows: 

Our constructions will depend on various parameters]^ whose choice is often de- 
ferred to late in the paper, for instance the frequency parameters wi, ws, etc., 
introduced in Section |9.2[ or the parameter q of Section |9.3.1[ Until a parameter 
is selected, e.g. the parameter wi, we shall use the notation _B(wi), etc., to denote 
constants depending on uji in addition to M and oq. The final choices of parame- 
ters can be made to depend only on M in the case of Theorem |1.1[ and, on M, qq 



in the case of Theorem 1.2 Once such choices are made, B{u!i) is replaced by B, 
following our conventions. 

We note finally that in the case of Theorem |1.1[ the parameter oq will be con- 
strained to be small at various points in the paper, and the final smallness assump- 
tion can be taken to the minimum of these constraints. All these constraints depend 
finally only on M, in accordance with the statement of the Theorem. 

4.2. Vector field multipliers and commutators. We recall the notation of [35]. 
Given a metric g, let 4' be sufficiently regular and satisfy 

We define 

Given a vector field and a function w on TZ, we will define the currents 

n 



^For the convenience of the reader, all constants and parameters are referred to in the index, 
with reference to the page on which they are originally defined. 
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8 4 

Applying the divergence identity between two homologous spacelike hypersur- 
faces El, E2, bounding a region B, with E2 in the future of Ei, we obtain 



Si 



where ns- denotes the future directed timelike unit normal. 

Let us note finally that for a fixed smooth function 'if : U ->■ R, U c TZ, then 
T^y[v]>] for gM,a will depend smoothly on the parameters a,M, i.e. it is smooth as 
a function V x TZ ^ R. Similarly, if w is a fixed function and is a fixed smooth 
vector field (or more generally, smooth maps TZ-^M., VxTZ TTt), then Jjf'"", K^'™, 
f^'™, etc., are smooth in the above sense. This remark is useful, for instance, in 
carrying over positive definitivity properties from the Schwarzschild case, and more 
generally, in applying certain continuity arguments in our forthcoming paper. 

4.3. Hardy inequalities. At va riou s po ints we shall refer to Hardy inequalities 
(see e.g. before Propositions 5.2.1 and 6.1 1 to estimate a weighted norm (space- 



time or spacelike) of tp from energy quantities. In view of our comments concerning 



the volume form (see Section 2.9 1, the reader can easily derive these from the one- 
dimensional inequalities 

f\-'\logx\-^f{x)<C £ (^^)\x)dx + C £ f{x)dx, 

rfi-)^cf^^x'(fj{x)dx, 
where the latter holds for functions / of compact support. 

4.4. Admissible hypersurfaces. We shall here define admissible hypersurfaces 
of the first and second kind. The first case will represent spacelike hypersurfaces 
connecting the future event horizon to spacelike infinity, and the latter case, to 
future null infinity. 

The prototype for admissibile hypersurfaces of the first kind is the hypersurface 

= 0}. 

The prototype for admissible hypersurfaces of the second kind is defined as fol- 
lows. Let x(z) be a nonnegative cutoff function such that x = for z < and 
x(z) = 1 for z > 1 For fixed M, we choose an i? > sufficiently large and an a > 
sufficiently small, depending on Af , and consider the hypersurface 

E2 = {t* = xia-iy* -R))-ir + M\ogr)}. 
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Note that Si and (for suitable choicej^ of R, a) S2 are spacelike for all gj\/,a 
where < ao < Af , \a\ < gq. Notice also that for all choices of a, the hypersurface 
S2 asymptotes to null infinity with respect to usual constructions of asymptotic 
structure. For reasons concerning dependence of constants on ag in the statements 
of our theorems, it is convenient to require these properties for all hypersurfaces to 
be considered. This will thus be encorporated into the definition below: 

Definition 4.1. Let < ap < M. We will call a hypersurface-with-boundary E 
admissible of the first kind with respect to uq, M , if the following hold: 

(1) S is spacelike with respect to gM,a for all \a\ < oq. 

(2) Y, cTZ is closed as a subset, and dT, c "H^ is compact and thus a topological 
sphere. 

(3) There exists are (-00,00) such that for all e > 0, there exists an y* > 
such that 

Yn{y*>y*}c \J >fir+r'{^l) 
T'|<e 

We call S admissible of the second kind with respect to oq, M , if the above hold 
where Si is replaced by £2- 

We will say that S is admissible . . . with respect to M if the there exists an qq > 
sufficiently small such that the above is true. 

Note that for an admissible S, its future domain of dependence with respect to 
aU gM,a is given by 

Z?^(S)= u 

te[0,cx>) 

The main theorem of the present paper do not in fact distinguish between the type 
of admissible hypersurfaces. These definitions are useful more to keep track of the 



dependence of constants. In the theorem of |30], stated here as Theorem 1.4 it is 
essential to consider admissible hypersurfaces of the second kind. 

4.5. Well-posedness. First let us quote a general well-posedness statement. 

Proposition 4.5.1. Let s > 1, AI > gq > be fixed, and let E be an arbitrary 
admissible hypersurface (of either kind) in TZ. Let t|) e H(^^{Y^), ij;' e H^^^{T,). 
Then for all \a\ < ao, there exists a unique solution ip of Ogip = with g = gM,a in 
D^{Yi) such that 

and V'Ie = 4"; ("^sV')|s = U"'- Moreover, if X c I] is open and i|) 6 H^^^{T,), tj)' € 
-ffjQ^^(S) such that'll) = t|) andt])' = in X , then the corresponding unique solutions 
ip, satsify ip = ip in D^{X). 

Finally the map (i|),i|)') x a 1-^ "tpa, where ipa denotes ip above with g = gM,a is 

The above theorem implies that solutions of the wave equation arising from 
appropriate initial data exist globally, and their regularity in L^-based Sobolev 
spaces is preserved on any Cauchy surface, and moreover, the solutions depend 
continuously on initial data and smoothly on the parameters. 



■^Let these choices be made once and for all. 
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4.6. A reduction. First let us note ttiat by extending initial data, an easy domain 
of dependence argument, and the fact that T is timelike for all Kerr metrics near 
infinity, one can show the following: 

Proposition 4.6.1. Fix M > |ao| > 0. Let E he admissible with respect to M, qq, of 
the first or second kind. Then there exists a constant B = Af ) = B{ipr{T,), M) 

such that the following holds: 

Let ^ be a solution of the wave equation ([2]) for g = gM,a on D^{T,), with \a\ < oq, 
such that ip, n^ip are smooth and compactly supported on E. Then there exists a 
t' and a smooth solution tp of (|2|) on TZ such that D^{Yi) c {t* > t'} , 



in D^{TP), -0, dfTp are of compact support on {t* = r'} and 

where N is the vector field of Section^ 

Taking the difference ip - ipoa , it follows easily from Proposition |4.6.1 a Hardy 



'S' 



inequality and a density argument that without loss of generality, we may assume 
in Theorems |1.2| that E = {t* = 0} and ip is smooth and of compact support. 
We shall assume this reduction starting in Section [8] 

4.7. Uniform boundedness. Let us note that the results of [35 and the above 
proposition yield in particular 

Theorem 4.1. Fix M > 0. Let E be admissible with respect to M. Then there 
exists a constant B = B{T,,M) = B{ipT-{T,), M) and a positive constant e = e(M), 
such that for all \a\ < e, if tp be a sufficiently regular solution of ([2]) on £'^(E) with 
9 = gM,a, then 



where N is the vector field of Section [5[ The same statement holds with arbitrary 
\a\ < Oq < M if Ti is assumed admissible with respect to M, Oq, for tp with = 0. 

We referred to iV of Section [5] simply to fix the vector field once and for all. If 
one does not wish to refer to that particular vector field, one can alternatively take 
an arbitrary c/?,--invariant timelike vector field N such that N = T for sufficiently 
large r. The constant B will then depend also on the choice of that N. 



We shall avoid appealing to Theorem 4.1 in the case of the proof of 
Theorem |1.H in order to have a self-contained proof. See the discussion 
of Section 15.31 

In the case of Theorem |1.2[ the proof of Theorem |4.1| should be considered as 
more elementary than the considerations of the present paper in view precisely of 
the absense of superradiance, so, in particular, we shall freely use it. 

This distinction between the proofs of Theorem |1.1| and L2 foreshadows the 



principle (essential in our forthcoming Part III [390 that the superradiant and 
nonsuperradiant modes must be treated separately in the general \a\ < M case. See 
the discussion in Section 7.3 of our companion [55] . 
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5. A MULTIPLIER CURRENT AND THE RED-SHIFT 

In this section, we define a timelike vector field N whose multiplier current 
captures the red-shift effect. The existence of this current is in fact a general 
property of stationary black hole spacetimes with Killing horizons of positive surface 



gravity. We shall discuss in Section 5.3 how the properties of this current can be 
used to overcome the difficulty of superradiance in the small gq case. We shall then 
recall in Section [5^ the good commutation properties of the wave operator with 
a related vector field Y (used in the construction of N) on , properties which 
again arise from the positivity of the surface gravity. Finally, in Section |5.5[ we 
shall apply commutations with T and Y to infer Theorem |1.3| from Theorems |1.1| 
andO 



5.1. The construction of N. First, the completely general statement specialised 
to a given Kerr metric: Theorem 7.1 of |36| yields 

Proposition 5.1.1. Let \a\ < M, ga,M be the Kerr metric and TZ, etc., be as 
before. There exist positive constants b = b(a,M) and B = B{a,M), parameters 
ri(a, Af) > ro(a,M) > r+, and a (p-r -invariant timelike vector field N = N{a,M) on 
TZ .such that 

(1) K^[*] > 6 J^[«']JV'' for r<ro 

(2) -K^[^']<BJ^[*]7V^, /orr>ro 

(3) T = N forr>ri, 

where the currents are defined with respect to gM.a- 

Proof. We recall the proof briefiy: Given a Kerr metric g = gM.a and a constant 
(7 > 0, we first note that we may define a vector field Y such that on "H^ we have: 

(a) Y is future directed null with g{Y, K) = -2, 

(b) VyY = -(t{Y + K) and 

(c) CtY = C^Y = {), 

where K is the Hawking vector field of Section 2.7|^ If we choose a sufficiently 



large and ro(a, Af) sufficiently close to r+, then, defining 

N = K + Y, in r<ro(a,M), 
then, using (23), one sees easily that requirement [l] will hold, and moreover N is 



timelike in this region. The choice of Y , ro{a,M) can clearly be made to smoothly 
depend on a. If ri{a,M) > ro(a,Af) is such that T is timelike for r > ri{a,M) it 
suffices to smoothly extend iV as a timelike vector field invariant to the Lie flow of 
$ and T such that N = T in r > ri{a, M), satisfying requirement [s] Requirement [2] 
then follows by compactness. □ 



Moreover, in view of (25) we clearly have the following 



Proposition 5.1.2. Fix M > 0. Then a -invariant timelike vector field N can 
be defined on the manifold TZ such that for gq sufficiently small, and \a\ < oq < M, 
then 1, 2 and 3 of Proposition \5.1.1\ hold where then b and B, ri, rg can be chosen 
to depend only on M with ri < 5M/2, and^ can be strengthened to the statement 

-K^ [V'] <BJl[^]T'', T is timelike for r > ro . 



^In Theorem 7.1 of 1361 we in fact constructed Y to be only invariant under the flow defined 
by K, but in the presence of our two KiUing fields T and "I", one can clearly arrange also for this. 
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Let US note that in the case of \a\ « M, both the above propositions foUow 
directly from the existence of a vector field N on Schwarzschild satisfying the above 



LI 
L2 



statements and smooth dependence of the Kerr family on a (see Section 4.2), as 
first observed and exploited in |32j. See also [33| tM» i35j . In this case then, we need 
thus not appeal to the more general construction of |36) . 

In what follows, in the setting of Theorem [LT] we shall always assume qq suffi- 
ciently small so that Proposition |5 . 1 . 2] applies. Thus, in the setting of Theorem 
we have in particular that T is timelike for r > tq. In the setting of Theorem 
all we know is that T is timelike for r > ri . 

5.2. The red-shift estimate. Given arbitrary f satisfying r+ < f < tq and 5 > 0, 

then applying the energy identity of J^^ in D^(E) n J^{(pr{^)), where xC'^) is a 
cutoff function with X = 1 for r < f and x = for r > f + (5, and a Hardy inequality 
we obtain the following 

Proposition 5.2.1. Let g = gM.a for \a\ < ao < M, and let tq be as in the above 
Propositions. Then the following is true. Let S be an admissible hypersurface for 
M, oq. For all r+ < r < tq and 6 > 0, there exists apositive constant B = -B(S, f, 5) = 
B{ipT-{^),r,S) , such that for all solutions o/([2) on £'^(S) withg = gM,a, the 



len 



L 



(j;rM7V^ + |log(|r-r,|)-2||r-r,rV) 
<B f J^[i^]n^^ + B f . ( [^]iV^ + ^2 

Js ^ JZ5+(S)n./-(ip^(S))n{f<r<f+<5} ^ 

Recall that the additional dependence of B on M and ao is now implicit according 
to our conventions. 

5.3. The red-shift vs. superradiance. Superradiance concerns the fact that T is 
not everwhere timelike. The smallness of superradiance with respect to the redshift 
in the setting of Theorem |1.1| can be quantified by the following 

Proposition 5.3.1. There exists an Oq > and a differentiable nonnegative func- 
tion eo(a) defined for \a\ < oq, such that eo(0) = 0, a ■ (eo)'(a) > 0, and .such that 
T + eN is timelike for e > cq in r > r+, and such that for all t' > r, the following 
inequalities hold: 



Jt.^, ' Je, JD*{T.^)nJ-{v^,{T.))n{f<T<f+S} ^ 

J«+n{r<t*<r'} ^ JT.^ ^ 

+ B~ef ^ j;^[0]7V^ 

J D+(T.^)n.]-(ip^,(T.))n{f<r<f+S} 

with B = r,d), r+ < f < r^, d > 0, as in the previous proposition. 

Proof. The existence of an eo(a) as described so that T + eN is timelike is clear. 
Now just add e times the previous proposition to the energy identity of J"^, for an 
e such that T + eN is timelike, and use that T is Killing, i.e. = 0, and that T is 
timehke for r > tq, and thus 3l^^^[ip]N'' ~ Jj[?/']^'' on r > tq. □ 
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The above proposition is of course implied by Theorem 4.1 of |35j but we include 
it as an independent statement so as to circumvent appeal to this theorem in the 
case of the proof of Theorem |1.1| For this, we shall also need the following 

Proposition 5.3.2. Given arbitrary e > 0, there exists an ao > depending on e, 
such that for \a\ < oq, and 1 > e > eo(a), 



VO<r<e"\ 



(26) [ Jl^^^[iP]N'' <{1 + Be) [ J^+'^^MTV^, 

(27) [ j;:'MiV'^ <S [ J^'MiV^ 

Proof. The first inequality follows immediately from the second. The second in- 



equality follows from the fact that ( 27 ) holds for the Schwarzschild metric gM for all 



e (note the restriction on ri in Proposition 5.1.2 which guarantees that the domain 



of integration on the left hand side is separated from the Schwarzschild photon 



sphere) together with the stability considerations of Section 4.2 

We note that the necessary Schwarzschild result was proven in [32] ■ The current 
paper can be read independently of [52] j as follows: While the present proposition 
is appealed to in the proof of Theorem |1.1[ if the latter is specialised to the case 
Co = 0, then, just as in the m = case, the use of the present proposition is in fact 
not necessary, as appeal has only been made to circumvent use of Theorem |4.1| in 
the case a + Q. Thus, the proof of Theorem |1.1| specialised to Oq = yields the 
present proposition, which can then be used in the proof of Theorem |1.1| for the 
general \a\ « M case. □ 

The significance of the above two propositions is the following: As in the proof 



of Theorem 4.1 of [35], we shall be able to absorb the boundary terms of our virial 
identities for sufficiently small a using solely Propositions |5 . STT] and [5 . 3 . 2 1 exploiting 
the fact that one can take e very close to 0. It is the use of this argument that 
mathematically represents one of the insights first used in [3S] , namely: 

// superradiance is sufficiently weak, it can be overcome provided one can 
construct a virial current with positive definite divergence, whose boundary 
terms can be controlled with the positive definite current formed by adding 
a small amount of the red-shift current to the conserved energy current 

What we are essentially able to avoid using here is the second main insight of [55] . 
summarised as follows: 

To obtain just the boundedness statement, it suffices to construct a virial 
current as above for the projection of the solution to its superradiant fre- 
quencies. Such a projection can be defined for arbitrary axisymmetric sta- 
tionary black hole spacetimes whose Killing fields span the null generator 
of the horizon. Moreover, for suitably small such perturbations of Schwarz- 
schild, this projection is not "trapped" , thus the existence of the virial cur- 
rent follows from stability considerations from Schwarzschild! 

The above insight allowed boundedness to be understood without understanding 
decay and without understanding trapping. This is why the result of [35] is so 
general, not requiring the properties of geodesic flow which are so crucial for the 
present paper. We have no need for the second insight here, precisely because, for 
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the special case of the Kerr solution, we are indeed proving decay, that it is to say, 
we are indeed producing such a virial current for the total solution. 

It is to highlight this distinction that we have been careful to avoid use of our 
general boundedness theorem ^35; and its superradiant projection. The reader hop- 
ing that one can understand the Kerr family without understanding superradiance 
will be severely disappointed however! In particular, the superradiant projection 
of [3S] is used heavily in our forthcoming [SQj which considers the general case 
\a\ < M, precisely because superradiance can no longer be treated simply as a small 
parameter and the above insight is not sufficient. See the discussion in Section 7.3 
of our companion paper [Mj, and Section 11 of [SS] for the details of the necessary 
constructions in all frequency ranges for the general case. 

5.4. Red-shift commutation. We specialise Theorem 7.2 of to the Kerr case. 



Proposition 5.4.1. Let g = gM.a andY he as in Proposition 5.1.1 Then, onTi^, 
extending K to a translation invariant standard null frame Ei, E2, K,Y , then for 
all k > and multi-indices m = (toi, m2, m^.m^), 

\m\<k+l,m^<k 

where > 0. 

The above proposition, which is another manifestation of the red-shift effect, 
effectively allows us not only to apply a transversal vectorfield to the horizon as 
a multiplier, but also as a commutator. This is fundamental for retrieving higher 
order statements as in Theorem 11.31 



5.5. The higher order statement. Commuting the wave equation with T and Y, 



in the latter case applying Propostion |5.4.1[ we show the statement of Theorem ] 1.3 
given Theorems |1.1| and |1.2 



For J = 1: We commute the equation first with T. It follows that the estimates of 
Theorem 1 1 . 1 1 or [0| hold with Tip in place of ip. Now we commute also with Y and 
follow |351 136] . The quan tity Y ip satisfies a wave equation with an inhomogeneous 



term, but by Proposition 5.4.1 the most dangerous term arising in £^[Yip] (recall 
the notation of Section 4.2 ) has a good sign sufficiently near the horizon. In the 
case of the assumptions of Theorem |1.1[ we may assume that T is strictly timelike 
outside this region. Elliptic estimates then suffice to bound all remaining terms 
in S^lYtp] from the good terms in K^[FV-'] and those already bounded by the 
commutation by T. In the case of m = 0, T is effectively timelike everywhere 
except the horizon from the perspective of axisymmetric solutions, in the sense 
that for every x eTZn T-L^ there is a T + c(a;)$ which is timelike in a neighborhood 
of X. Thus, again, all terms not manifestly controlled can be easily obtained by 
elliptic estimates in view of the fact that NNtp is controlled locally in . 

The case of higher j is similar and the required positivity of the most danger- 
ous additional terms appearing in S^lY^ipl is precisely that provided by Proposi- 
tion [5Al] above for j = A: > 2. 

Recall that in our forthcoming Part III |39j , it will be shown that the statement 



of Theorem 1.2 is true without the restriction (|9]). The above arguments can be 



extended to show that, in general, given parameters M > a for which the statement 
of Theor em |1.2| holds without the restriction ([9]) , one can infer the validity of 
Theorem |1.3| for those parameters M, a. Let us first note that Proposition |5.4.l] 
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still applies, yielding positivity for the most dangerous terms in £^[1^?/;] in a small 
neighborhood of the horizon. The only additional difficulty is that one can no longer 
appeal to smallness of (as in the case of Theorem |1.1[ ) to argue that T is timelike 
outside this region and thus, outside this region, all second derivatives can be 
controlled by the integrated decay bound applied to r-0 (a statement which, as we 
saw above, can similarly be inferred in the case of Theorem 1 1 . 2| using the assumption 
of axisymmetry) . In the more general setting, in addition to commutations with T 
and Y as above, we must simply also commute with x'^ (where x = 1 for f ^ R, 
and Vx is thus supported away from trapping), and exploit the fact that the span 
of T and $ is timelike away from the horizon. The error terms resulting in the 
commutation with x'i' are easily absorbed with the integrated decay statement. 
Thus, commutations with y, T and x*^' ensure that one always has a timelike 
direction in the span of commutators up to and including the horizon. Application 
of elliptic estimates allows one as before to absorb all error terms and obtain all 
second derivatives. One then proceeds by induction on j. We shall insert the details 
of this more general argument with the completion of Part III ^39j . 



6. A CURRENT FOR LARGE r 

We construct here a current J^'™ as follows. Recall (see e.g. [3S]) that in the 
Schwarzschild geometry gM, defining 

X = f{r*)dr 

we have 

Kf'-[*] = ( — ll^(^^,^^^,y + Jl^(^t^y 

where ' denotes differentiation with respect to r* . Let x be a cutoff function such 
that X = 1 for r > i?, X = for r < i? - 1 and let 5 > {). Choose now 

We note that for R sufficiently large, we have 

and that this inequality is preserved when AT, w, are defined for gM,a again as 



above, where llH'Igj^j is now replaced by I^H'I^ defined in the sense of Section 2.9 

From the energy identity of J"^'™ and a Hardy inequality to control O'th order 
terms on the boundary, we have 

Proposition 6.1. Fix M > 0, let E he an admissible hypersurface for M, and let Cq 

be as above. For each ^ > 0, there exist positive values Rq < R, and positive constants 
B = B{d, S) = B{S, (firi^)) such that for all Kerr metrics gM,a with \a\ < Uq < M , if 
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ip denotes a solution of ^ with g = gM,a and ijjoa = 0, then for all t >0 



^(S)nJ-(v>,(S))n{i?o<r-<fl} 

7. Separation 



As described in Section 3.3 we will exploit Carter's separation of the wave 
equation |18) to frequency-localise our virial type estimates in a manner particularly 
suited to the local and global geometry of Kerr. The separation of ngtp = requires 
taking the Fourier transform in t, and then expanding into what are known as 
oblate spheroidal harmonics. Since, a priori, we do not know that solutions V-'(^r) 
of our problem are L^{dt), we must in fact apply this separation to solutions of the 
inhomogeneous equation 

(28) ng^ = F, 

where \1/ is related to ip by the application of a suitable cutoff. We will defer the 
discussion of such cutoffs to SectionjSj and will in the meantime in Section 7.2 below 
give a general discussion of solutions of ([28]) in r > r+ for which one can indeed take 
the Fourier transform (see Section [7. 2[ ) in t. First, however, we quickly review the 
classical oblate spheroidal harmonics. 

7.1. Oblate spheroidal harmonics. Let (sin 6'd6'(i0) denote the space of complex- 
valued functions on the sphere with standard spherical coordinates 9, 4>. Let 
denote the eigenspace of 9^ with eigenvalue m. Recall that 

= e Li 

orthogonally, and that 

2 - Tl(c,\y^f>rm\ f^rJ™-'t> 



e 



(29) Li, = Li{s\u9d9)® 

For ^ 6 M, define the operator P(C) on a suitable dense subset of {sin 6 d9 d4>) 

by 

sine 89 \ 89-' I 8 cj)^ sin^ 9 
Note that P{0) is the standard spherical Laplacian, whereas P{£,) in fact corre- 
sponds to the Laplacian on an oblate spheroid. We have certainly that [-P(C)i = 
and thus P{^) preserves L^, and under the identification (29), P{^) induces an 
operator P,n{£,) defined on a dense subset of {sin 9 d6) by 

P,^(^) / = - ^ A ( sin9 — f] + -^f - e cos2 9f. 
"^^^•^ sin6'd6'l d9-' j sin^9 

The following proposition is classical and can be distilled from standard elliptic 
theory and the form of P^ : 

Proposition 7.1.1. Let^eR. There exists a complete basis of {sin 9 d9 d(p) of 
eigenf unctions of P{^) of the form Sme{^, cos 9) e'^"^'^ , with real eigenvalues Xme{0- 

P{0 5„,(^,cos0)e""^ = A^KC) S^i{^,cos9)e"^^ 
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where for each m e Z, the collection Sme{£,, cos 9)e™^'^ are a basis in of real 
eigenfunctions of P„i{C)' 

PniiO SmeitcOsO) = X,n£{£,) S'^f COS 6*) 

indexed by the set £ > \m\. The functions Sme{^,cos9) are smooth in ^ and 9, and, 
XmiiO is smooth in ^. Finally, for ^ = 0, these reduce to spherical harmonics, i.e. 
Smi{0, cos 9) e^"^'^ = Ymi, where Yj^g denote the standard spherical harmonics, and 

A™^(0) = ^(^+1). 

The functions Smt are known classically as oblate spheroidal harmonics. 
Let us introduce the notation 

(30) a^] = X "'^ I-i ^) ■ 

The completeness and orthogonality conditions of Proposition |7.1.1| are given 
explicitly below: 

Jj^ d^ £^ d{cos9)e'""f'S,ni{aiu, cos9) e-'"'''*' Sm'i'i^, cos9) = S^^.Sw, 

(31) a{9,4^) = Xa^f]5™,(C,cos0)e™^. 

ml. 

The statement (31) is to be understood in {sin 9 d9 dip), but, if a{9,(t>) is in fact, 
say, a smooth function on the standard sphere, then ( |3l| ) holds pointwise in the 
topology of the sphere. (We shall not require such pointwise statements, however.) 

In the application to the Kerr geometry, ^ = acj for w e M, where lo will be a 
frequency associated to the Fourier transform with respect to i of a cutoff version 
of the solution -ip. We note that the case of complex f is also of interest in the 
formal mode analysis associated to this problem (see for instance [57j). In view of 
our setting, however, we shall only need to consider real ^ here. 



Let us note that from the smooth dependence statement of Proposition 7.1.1 
(applied with the application ^ = aw in mind) one immediately obtains 

Proposition 7.1.2. Given any uji > 0, Ai > 0, and e > 0, then there exists an ai> Q 
such that for \a\ < ai, \uj\ < uji, and Xmi < Ai, 

\X„,,{au)-£{e+l)\<e. 

Rewriting the equation for the oblate spheroidal function 



(sin^A^™,) 



-Sme = XmlSml + O^ LO^ COS^ 9Sri 



sin 9 d9\ d9 ) sin^ ( 
the smallest eigenvalue of the operator on the left hand side of the above equation 
is |m|(|TO| + 1). This implies that 

Proposition 7.1.3. 

(32) Xrni{auj)>\m\{\m\ + 1) -a^Lo'^. 

The above propositions will be all that we require about Xmi- For a more detailed 
analysis of Xmi, see [45] . 

Let us finally note that by integration by parts and the above orthogonality we 
obtain 
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Proposition 7.1.4. 

J \^ S7a\^^ sin ededct)- J ^^cos^^lal^ sm9d6d(t)= J (P (0 a) a sin 6 d9 d(j) 

ml 

Here, 7 denotes the standard unit metric defined by standard spherical coordi- 
nates (0, (f>) on the fixed (r, t) spheres, and '''V denotes the covariant derivative with 
respect to this metric. 

7.2. Carter's separation. Let ^'(t, r, 0, (/)), T{t,r,6,4>), be functions with the 
property that 5*, T are smooth and of Schwartz class in t, smooth in r > r+, 
and smooth on the {0,(f>) spheres. 

Let ^'(a;,r, 0,0) denote the Fourier transform with respect to t, i.e. 

^{uj,r,e,(j>) = ^= f°° ■f{t,r,e,(t))e"^'dt. 
\/2tt J-oo 

Note that under our assumptions, ^I^ is smooth and of Schwartz class in w 6 M, 
smooth in r > r+, and smooth on the spheres. 

Given a € M, for fixed w, r, we may define the coefficients ^'^^■'(a;,r) by (30), 
choosing the value ^ = aw. Let us agree to drop the from the notation, and 
replace the argument pair (a;,r) by the singlet (r), since the w-dependence is also 
implicit in the superscript, and denote these coefficients 



We may now state a suitable version of Carter's celebrated separation of the 
wave operator on Kerr. 

Theorem 7.1 (Carter flHl). Let ga,M be a Kerr metric for \a\ < M, let t,r,0,(p 
be the Boyer-Lindquist coordinates defined in Section \2.4\ and let '^{t,r,9^4>) he 
Schwartz class in t, smooth in r > r+, and smooth on the {6, (j)) spheres, with 

□ = F. 

Then defining the coefficients ^mi'^ {''') above, the following holds: 

^Tr ^dr~ ^ ^ ^ " ^^^"^ ^ 

(33) ={r' + a')AF^-\ 

7.3. Basic properties of the decomposition. The coefficients can be related 
back to '§ by 

^{io,r,9,^) = Y,¥j\r)SMaio,cos0)e'"'t 

ml 

The above equality is to be interpreted in {sin 9 dd d(p). (It in fact also holds 
pointwise under the smoothness assumptions given here, but we shall not need to 
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make use of this.) From Plancherel's formula, and Proposition 7.1.1, we have 

-2ir /~;r 



r " r [ \^;\\t,r,e,ip) sine dip dedt= 1*1^7) (Opdc., 

J J J -00 rn i 

r rf'^ -Tsined^dOdt = r Z . T\:fdu:. 



With respect to Boyer-Lindquist coordinates, we clearly have for r > 

d 



On the other hand, from well-known properties of the Fourier transform. 
In particular, we have 



/ / |5r*|^(t,r,6',(/3)sin6'd^(i6'di= / 



dr 



ATX TT 00 00 , , 

/ / / |9tVE'|2(t,r,0,^)sin0d(^d0dt= / ^ w>J„7' (r)!^^^. 

-/O •-'0 J -00 J-00 ^ ^ 

Finally, let us note that from Proposition 7.1.4| and the above, we obtain 

Y,XnAauj)\^Zir)fduj= / / / U W^^^ sin 9 dO dc^dt 
OO t-i J-oo Jo Jo ' 



mi 



/ / iSt^i^cos^ei sine'de'd^di, 

OO Jo -/O 

where 7, '''V are defined previously. 

8. Cutoffs 

Prom now onwards, we shall assume the reduction of Section |4.6[ 

We are considering always solutions "0 of ([2]) for g = gM,a for parameters to be 
constrained at each instance. To apply the results of Section [7] to tjj, we must first 
cut off in time. 

Let ^(£) be a smooth cutoff function such that C = for z < 0, ^ = 1 for z > 1. 
Let e> 0(jLet r' > 2e"i be fixed, we define ^.t'^^*) = C{£t*)^{£{'r' -t*)) and 

with respect to coordinates {t* ,r,9,(j)). We note that tps^ : 7?. ^ M is smooth and 
supported in < < r'. The function ■0s< is a solution of the inhomogeneous 
equation 

Note that V^r',e and F are supported in 

{0 < r < e'^} u {r' - e'^ <t* < r'} 



4.1 



^We introduce the parameter £ solely for the purpose of avoiding reference to Theorem ■ 
proving Theorem [TTT] If we were to allow appeal to Theorem |4.1| one could simply take £ = 1. 
This remark should be considered in the context of the m = or a = case, where Theorem |4.1| is 
a much more elementary statement. 
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and that, with respect to Kerr-star coordinate derivatives: 

|n<,er',s|<e'S 

Finally, we note that restricted to r > r+, the function is smooth in Boyer- 
Lindquist coordinates and for each fixed r > r+ is compactly supported in t. In 
what follows, we may thus apply Theorem |7.1| to 'I' = ■!/'s<. 



9. The frequency localised multiplier estimates 

We shall construct in this section analogues of the J"^'*^' currents used in [32l I34j . 
localised however to each '^'^^^ ■ 

9.1. The separated current templates. To describe the analogue of multipliers 
of the form J^'™ localised to frequency triplet {uj,m,,£), it will be convenient to 
define the following current templates. 

First, we may recast the ode (33) (applied to ^ = ipx) in a more compact form 
as follows: Recall the definition (14) of r* and set 



(aw) , 



Then u satisfies 



(34) (^"™T^ + - viT\r))u[:f - H\:f 

where 



Observe the Schwarzschild case: 

(35) K^"^(0^(-2M)(^.^), 

(36) / dV {r)- "" I ^^"^(^^^ " ^) I 2M(8M - 3r) \ 
\ dr* 'me r \ j 

In what follows, let us suppress the dependence of u, H and V on aw, m, £ in 
our not at ion 

Now, with the notation ' = for arbitrary functions h{r*), y{r*), let us define 
the currents 

hy[u] = y{\uf + {co'-V)\uf), 
<i''[u] = hRe{u'u) - ^/I'lup. 

We compute: 

(37) (h^M)' = y' {\uf + (w^ - V)\uf) - yV'\uf + 2yRe{u'H), 

^Before suppressing the dependence, it might be useful to remark that in fact, the functions u, 
H, V, etc., depend on both 01.1; and a, whereas the parameters X^£ depend only on auj. For the 
former 3, will view reference t o th e a-dependence as implicit in the reference to a in auj. Hence, 
our writing Oui instead of in dSSb. 
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(38) (?''M)' = h (|uf + {V- - -h"\uf + hReiuH). 

The currents we shall employ will be various combinations of 9, h with suitably 
selected functions h, y. Note that the choice of these functions may depend on a, 
auj, m, i, but, again, we temporarily suppress this from the notation. 

A particular combination of 9 and S shall appear so often that we shall give it 
a new name; consideration of this current is motivated by removing the oj^ term 
from the right hand side of (pT]), ([38]). Let us define 

Qf[u] = 9f'[u] + h^M = / {\uf + {u? - V)\u\^) + f'Reiu'u) - ^f"\u\\ 
We see immediately 

(39) (Q^M)' = 2f'\uf - fV'\u\' + Re{2 fHu' + f'Hu) - ^f"'\uf. 



A word of warning: For fixed g^i^a, we shall often refer to r*-ranges by their 
corresponding r ranges, and functions appearing in most estimates will be written 
in terms of r. Moreover, given an r-parameter such as R, then R* will denote 
r*{R). It is important to remember at all times that ' always means ^! 

9.2. The frequency ranges. Let wi, Ai be (potentially large) parameters to be 
determined, and A2 be a (potentially small) parameter to be determined. We define 
the frequency ranges , JF^, J^^ , jFj by 

• = {{u!,m,£) : \uj\ < wi, \„ii{auj) < Xi} 

• = {{uj,mj) : \uj\ < wi, Xmiiauj) > Ai} 

• ^[^ = {{^,'m;£) : >uji, Xmi{auj) > A2W^} 

• = {(w,m,^) : > wi, Amf(aa;) < A2W^}. 

The nature of our constructions will be of quite different philosophy for each of the 
above ranges. 

9.3. The range (bounded frequencies). This is a compact frequency range 
and, in view of the fact that we have already constructed multipliers in the Schwarz- 
schild case (see [351|31j), by stability considerations, their positivity properties carry 
over for \a\« M. See our proof in [36] . 

To give a completely self-contained presentation in this paper which allows one 
to treat Theorem |1.1| and Theorem |1.2| together, we will present here a different 
construction with a greater range of validity. These constructions will also be useful 
for our companion paper [39j where one must further decompose into superradiant 
and nonsuperradiant frequencies. 

First some preliminaries: Let us define 

AMramoj - o?m? 



V+ — V V^cw 
A 

(r2 + a2)4 

(40) 
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Remark that by Proposition 7.1.3 the first term of (40) is nonnegative, whereas 
the second term is easily seen to be strictly positive for r > r+ and all \a\ < M . Thus, 
we have in particular 

> 

for r > ?'+. We have, moreover, according to our conventions, for all \a\ < ao, 

B{A/r^){X„,e + a^uj^)r-^ + Br'^ >V+> {A/r^)b{X,ne + a^uj^)r-^ + b{A/r^)r-^. 

In the case of Theorem |1.1[ we may now fix an arbitrary tq > Tc > 2M, where 
ro is as in Proposition |5 . 1 . 2| and it follows that for sufficiently small aq depending 
in particular on this choice, we have for \a\ < ao and {uj,m,£) € J^^ the following 
inequality in the region r > rc'. 

(41) S(A/r2)(A,„£ + a'^uj^y-^ + Br'^ >V> {A/r^)b{X„,e + a^u^y-"^ + b{A/r^)r~^, 
whereas, for all r > r+, we have 

(42) \V'ir*)\ < B(A/r2)(A™« + aV)r-3 + BiA/r^)r-\ 

We are using here Proposition |7.1.3l Finally, again choosing oq sufficiently small, 
it follows that for all r < 

(43) V'{r*)>b{A/r^){X„,e + a^io^), 
whereas there exists a constant Rq such that for r > Rq, 

(44) - V'{r*) > {A/r^)b{X,ni + a^uj^y-"^ + b{A/r^)r-^ 
in this frequency range. 



In the general case oq < M, \a\ < Uq, but m = (Theorem 1.2 1, the above four 
inequalities similarly hold for (a;,TO,£) e J^^, with (41 ) holding in fact for all r > r+, 
and with (43) holding in a region r < Vc, where Tc = r+ + Sc for some Sc depending 
only on oq, with Tc ^ as ao ^ M. Let the choice of Sc and thus rc{a) be now 
fixed. 

We will now split the frequency range J^^ into two subcases, considering each 
separately. 

9.3.1. The subrange \uj\ < CJ3 (the near- stationary subcase). The motivation for the 
current to be constructed here is that in the Schwarzschild or m = case, applying 
9'' with h = 1 immediately excludes nontrivial stationary solutions cu = 0. 

We will fix an > which will be constrained in this subsection to be small. 
Because ^3 is not exactly the naive current 9'' with h = 1 must be modified. 

We begin with a 9 current which will be defined with non-constant seed function 
h=h{r*). 

In the case of Theorem |1.1[ the function h will be inde pend ent of the parameters 
w, m, £, but will depend on In the case of Theorem 1.2 the choice of W3 will 



will potentially depend on oq. Always remember that in this latter case, constants 
6, B will in general depend also on ao, following our conventions. 

Note first that given arbitrary ao < M and q > 0, p > 0, i?3 > such that e^^ R^ 
is sufficiently large and p sufficiently small, for each |a| < ao, we can define a function 
h{r*), such that the following hold: For r < r^ 

Q<h<Rf, \h"{rn\<q/r\\ 



^This latter dependence could easily be removed by altering the construction slightly. It arises 
for instance because the values of r* depends on a, even though rc does not. 
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with h{r*) moreover of compact support when restricted to -oo <r* <r*, whereas 
for rc<r< e'^'^ R3, 

h>RfA/r'', h"{r*)<0, 
whereas for e"^ R3 < r < R3, 

\h'{r*)\<^R3^p/r, \h"{r*)\<4Rfp/r^ 
whereas, finally, for r > R^^ 

h = 0. 

This h will be useful in view of the positivity of V+. We note finally that h can be 
chosen so that h restricted to r > Tc is independent of the parameter q. 

Let us also consider a current h defined with a y = y{r*). Like h, the function y 
will be independent of w, m, and i in the allowed range. Given the parameters i?3, 
p, with e^^ i?3 sufficiently large and p sufficiently small, the function will satisfy 
the following properties: We set y{r*) = 0, and for r < Vc, 

y'{r*) = h, 

noting that y is bounded below in r < rc by a potentially large negative constant 
depending on q, in view of the fact that h is identically for sufficiently low r* . 
For Vc < r < e^^ R3 , we require 

y'(r*)>0, {yVy{n<lRs'Nr', 

whereas for e^^ R3 < r < R3 

y'(r*)>6i^3^ -iyVyir*)>bRf/r', 
whereas finally, for r > R3, 

y=l. 

In general, for sufficiently large e"^ R3 and small p, we can indeed construct such 
a ?/ in view essentially of (41 ), (42) and (44). Let us add that y restricted to r > rc 
can be chosen independently of the choice of h. 

Consider now the current 9^ + '-,'^. In r < recall the one-sided bound 

-yV' > 



which follows from (43). It follows that in r < Tc, 

9'(r*) + h'(r*) > -g|r*r>p + hRe{uH) + 2yRe{uH). 

In the case of Theorem |l.l[ for < r < e^^ R3, choosing p appropriately, 
choosing co^, aq sufficiently small 

?' + h' > i?3^(A/r^)|u'|2 + bV+\u\'^ + hRe{uH) + 2yRe{uH). 



In the case of Theorem |I.2[ given arbitrary oq < M, one can again choose W3 so 
that the above holds for all \a\ < aq. 

Now in the case of both theorems, for e^^ R3 < r < R3, we have for p, UJ3 suitably 
small 

9' + h' > bRf{A/r^)\uf + hRe{uH) + 2yRe{u'H). 



^3 

Finally, for r > R^ we have 



9' + h' = h'>2?/Re(u'i?). 
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We will choose in particular i?3 > R. We obtain finally for Too > i?3, < 

|2 



&(Ai) f -(A/r2)|u'|2 + (A/r2)r-3(i + (A„,, + aV)+c. 

^ c 

+ r'^" {2yRe{uH) + hRe{Hu)) dr* 

+ h(0-(? + h)(r!^). 

The above will be the prototype of the type of inequality we shall derive for 
all frequencies. We note that the bad dependence of the constant 6(Ai) as Ai 
oo arises only from the bound {Xme + a^w^) < Ai + a^w| which we have used to 
introduce the term (Am^ + a^w^). We choose this particular combination because it 



is manifestly nonnegative (see Proposition 7.1.3) and will in particular bound the 
angular derivatives upon summation. 

The constants wa, Rg, and p are now chosen, but not yet q. In accordance with 
our conventions, the constant b in the inequality above is in particular independent 
of q. It is worth warning, however, that y restricted to r < Tc still depends on the 
choice of q, and that the boundary term lim^j^^-oo h(»'-oo) < °°; but diverges as 
q ^ 0. We must thus be careful to absorb this boundary term properly. 

9.3.2. The subrange \uj\ > (the non- stationary subcase). The construction of this 
section will yield a positive current for ujt, arbitrarily small and wi, Ai arbitrarily 
large, if, in the case of Theorem |1.1[ we are prepared to restrict to \a\ < ag, with oq 
depending on these choices. The choice of ujg, has in fact already been determined 
but uji, Ai are determined later. The relevant constants arising grow as 0, 
wi ^ oo, Ai ^ oo and we shall for now continue to track these dependences. 

Let us note that in fact, the construction of this section is quite general and 
depends only on the asymptotic properties of V (modulo 'small' terms), and not. 



in particular, on the sign of V' , which will be crucial in Section 9.5 We note that 
similar constructions have a long tradition in spectral theory and are typically used 
to prove continuity of the spectrum away from uj = 0. 

First, the idea: We search for a ^-current with seed function y. Recall that, 
dropping the terms arising from the cutoff, we have 

'|2 , , .2„/L,|2 /„,TA\'L.|2 



h'(r*) = y'\uf+iu'y'\uf-{yVy 



In both the Schwarzschild case and the m = case we have that V > 0. If we restrict 
to y with y' > such that y is moreover bounded at the ends, we have in these cases 

{yVy\uf = - yV{uu' + u'u)<- y'\uf + 2 {y'v' /y')\u\\ 

oo J — OG A J —OG J — OG 

Thus, to control the term from the y'\u\^ term, it suffices if 

4yV2/y' < Loly'. 
If we assume in addition y > 0, we may rewrite this condition as 

y'ly>2uo-^^V 
which is ensured if we define, say, y = e^'^a' /-» Vdr* 

. Note that in these two special 
cases, y is well-defined and bounded in view of the asymptotics of as r* ^ ±oo. 
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We adapt the above heuristic to our situation. We shaU argue somewhat dif- 
ferently, however. First of ah, we do not want to choose y to depend on lo, and 
secondly, for technical reasons related to how we sum the terms arising from the 
inhomogeneity F (see Section 10.3), the above choice of y would not be sufhciently 
flat at infinity. 

Given arbitrary ao < M in the case to = (Theorem 1.2) or sufficiently small 
Oo in the case of Theorem and given in addition an arbitrary sufhcicntly small 
parameter £2 > and an arbitrary R2 > R, using the properties ( 41 ) , ( 42 ) and ( 44 ) , 
it follows that for all \a\ < aq, we may decompose V yet again as 

(45) V = K,flat + V^unk 

where 

for all r >r+, and specifically. 



for r > e2^i?2, whereas 
for R < r < R2, whereas 



Vjunk = 



(46) b{A/r')r-' < K^at < B(Ai + a^c^f )(A/r^)r 



for r < i?2 , and whereas finally. 



for r > i?2- Note that the decomposition (45) in the region r < R can be chosen 
independently of the parameters £2? R2- 



In the case of Theorem |1.2[ we may further impose that in fact 

(47) l^unk = 

for r < i?2 . 

Finally we may define Vind{r*) > to be independent of Lj,m,£ in this range 
such that 

B(Ai + a^wi)(A/r2)r-2 > VI„d > K,flat > 
in r < e2^R2, whereas 

^nd = 

for r > £2^_R2- Let us also note that T4nd can be chosen independent of the param- 
eters £2, i?2 in the region r < R and that 



/- 00 

j ^ Vinddr* > b{Xi + alojl)r' 



for r* < R* , where we are using (46) and the properties of the decompositions. In 
particular, there is no dependence on £2, R2, ws in the above inequality. We have 
on the other hand for all r* > -00, 

/ Vinddr* <B{\i + alujl) 

Jr* 

and Vind can be chosen such that there is no dependence of B on ^2- 
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Using ( 45 ) we may now write 



h' = v'\u'\^ + uj^v'\u\^-{yV)'\u\^ + 2yRe{u'H) 
(48) = y'lwf + io^y'\u\'' - (yV;,flat)'|up - y'V^unk - yX^'unk + 2yRe{u'H). 

Note that for general y > 0, > 0, we have 



(2/K,fiat) |w| = - yV+fii,t{uu +uu) + yV+fiat\u\ {r*o^)-yV+fiat\u\ (rl^) 

+ y^+,flat|M|'(0 - y^+,flat|u|'(r-!o,) 



< 
2 



+ 



yVind\u\ (O 



2 n l2 

uj^y \u\ 



We now define 
(49) y = e-^"^3"V~v-.„drfr*^ 

Note that in this case, we have that 

y' = 2w3il4„de"'"^"'^"^»^''''*. 
We thus have for this choice of y that 

+ 2/^^„d|uP(0- 

We certainly have 

0<2/<l, y'>0 
for all r > r+. In < r < R, we have 

y'ir*) > 5(A/r2)r-3e-2-'3'6'-"'(Al+a^a;?)^ 

whereas in general for r < R we have 

y'{r*)<Buj,\X, + alL,l){A/r')r-'. 

For r >€2^R2, we have 

y = l, y' = 0. 

Finally, in i?2 ^ ^ £2^^2i we have 

< y'ir") < Sw3^(Ai + alujfy-^. 

Putting everything together, integrating (48), and in the case of Theorem 
restricting to sufhciently small Gq (depending on the final choices of wi, Ai and Ws), 
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we obtain finally for Voo > 62^-^2, f-cx) < rc, the inequality: 

6(0.3,6.1, Ai) {A/r^)\u'\^ + {A/r^){l + {X„a + a^io^)+i^^)\ 



r')\u\' 



2yRe{u'H) 

As before, the integrals are with respect to dr* . Note that the first term on the 



right hand side above is absent in the case of Theorem |1.2[ in view of ( 47 ) . Note 
also that the final appeal to small oq in the case of Theorem 1 1 . 1 1 here was to absorb 

an additional term i3ao(A/r^)(Ai + aow^)(l + io^^{Xi + aoWi))r"^|up into the 
term on the left hand side. 

9.4. The range (angular dominated frequencies). The considerations of 
this section will constrain Ai to be suitably large, depending on the choice of uji. 

In the case of Theorem for sufficiently small uq, then there exist constants 
ci, C2 > 0, constants r3j\/_ < 3M < r^M+i a constant Rq > R and a function / = f{r*) 
satisfying 

f{r*)>0 

for r > ?■+ , 
for rc<r < Rq 

/=1 

for r > i?6 + 1, and near the horizon 

/~-l + (r-r+), 
and such that for all \a\ < Qq and all {1^,171, £) e T^, we have 

fV < C2V 

for rsA/- <r < t^m+j whereas 

fV'<0 

for r < r^M-i f ^ T3M+- Moreover, the constants t^m- < 3Af < r3M+ can be chosen 
arbitrarily close to 3M as Qq 0- 

In the case of Theorem 1.2 recalling that V > and the asymptotics of V' , there 
similarly exist such /, Ci, C2, r^M-, ?'3M+- 

Given ao < M, we choose constants 

-°° < r*npl < Cp2 < ^3M- < < <il < r*at3 < °° ^ 

such that / < - | for r < r„ip2, f ^ \ for ^ ^ ^ati, and we fix a function h such that 
/i = in r < rmpi , h = C2 in r^p^ < I'ati , h = mr> Vaa- 

Now we may choose Ai depending on uji sufficiently large so that in r < r„ip2, 
r > rati 

--fV'>--f"'--h" 
2 2 2 
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in the range. Note that this is possible in view of the asymptotics of / and V 
and the choice of large Ai, no matter what the details of the choices of /, h. 
It now follows by construction that the current Q + 9 satisfies 

Q' + 9' > 2/>f + 6(A/r2)r-3(A„<, + a^up-)\u'^ + Re(2/i?u' + f Hu) + hRe{uH). 

We obtain thus in particular (for r*^ < r„jpj, > R*) 

b\u'f + 6(A/r2)r-3(i + (a„^ + a^oj^) + uj^)\u\^ 



< f^" 2fRe{u'H) + (/' + h)Re{Hu) 

+ (Q + '?)(C)-Q(r-!oc)- 

(We note finally that an alternative approach to the construction of a current 
for this range would be considerations similar to Section 9.3.1 ) 

9.5. The JFl range (trapped frequencies). This is the frequency range of trap- 
ping. Here the current seed function will in general depend on oj, m, £, and a. The 
dependence is smooth in cj and a. 

Given an arbitrary choice of A2 , this section will require wi to be sufficiently large 
(specifically, 1 « A2W^). Note that this constraint on the largeness becomes tighter 
in the limit A2 ->• 0. The frequency parameter A2 will be chosen in Section [9. 6| 

For (w, m, £) ^ T^, we have 

(50) \„ie + uj^a^ > (A2 + a^)uj^ > (A2 + 0^)^^. 

We set 

Vo = (Xme + UJ a ) — — -— - — 

so that 

iMramuj - a'^m^ A{3r'^ - iMr + a^) 3AV^ 



Vi = V-Vo = — ^vi^ + 



(r^ + a^)^ (r^ + a^)^ (r^ + a^)**' 

We easily see that 



< BAr ^ (a^TO^ + \amuj\ + l) 



(51) r'\Vl\ + 

On the other hand 

V^{r*) = 2— ^— (A,„, + uj^a^) {{r - M){r^ + a^) - 2r{r^ - 2Mr + a^)) 

(52) - -2p^ (A„. . .^a^) (r - 3M . a^^) . 

We notice that for aU \a\ < M, the function s(r) = - 3Mr'^ + a?r + a^M, and 
thus Vq', has a unique simple zero on (r+,00), which we denote Za,A/- To see this, 
in view of the fact that s'(r) has at most two zeros, it suffices to remark that 
limr^oo s{r) = 00 and, 

s(r+) = -M{rl - a^) < 0, -^s(r+) = 3rl - 6Mr^ + = -2a? < 0. 

dr 

We easily see moreover that \za^M - 3Af| < Ba^. 
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Given any r-neighborhood of Za^Mi it follows from the inequality (51) (applied 
with the first term on the left hand side in mind) and the identity ( 52 ) , taking into 
account also the asymptotics of Vj^' as r r+, r oo, and using Proposition 7.1.3 
and the smallness of aq in the case of Theorem |1.1[ and the vanishing of m in 
the case of Theorem |1.2[ that, given arbitrary A2, then for sufficiently large wi 



(depending on A2, so that the right hand side of ( [SO] ) is sufficiently large), for 
frequencies in V' has at least one zero in this neighborhood, and no zeros 
outside this neighborhood. 

To see now that V' has in fact a unique simple zero in this neighborhood, we 
note first that there exists a positive c = c(a, M) such that 
■(r2 + a2)4 



To see this, we compute 



M 



) < -cAr ^{Xmi + uj a''). 



7-2 



(A^^ + a^w^) 1 



,M 



Since s{za,M) = 0, we have 
Z2 



1 



2 + 



,,M 



Z 



■ iMZa. 



M 



.M 



9.9 9, M 
m(2z^,m - 3Mz,,M + a') > 1 > 0, 

ZaM 



which yields ( 53 ) . 

From (53) and (51) (now with the second term on the left hand side in mind), 
it follows that given A2 arbitrary, then for wi sufficiently large (depending on A2), 
and, in the case of Theorem |1.1[ for \a\ < Gq with gq sufficiently small, we have for 
frequencies in : 



(54) 



\ Ar2 I 



-(c/2)Ar-^(A,„f + u;'a^) 



in a neighborhood of Za^M as described previously containing any zero of V' . (We 
have used here Proposition 7.1.3 to estimate a^m^ from a^{Xme + a^i^^), and it is 
here that the smallness of oq is relevant. In the case of Theorem |1.2[ m = 0, and 
we need not restrict to small oq.) 

The relation ( 54 ) in the neighborhood of possible zeros shows now that V has 
exactly one simple zero, in fact: 

or then for uJi 



Proposition 9.5.1. Under the assumptions of Theorem \1.1\ 
sufficiently large (depending on X2), V' has a unique zeror^^^ for {iu,m,£) e T'^ 
depending smoothly on the parameters. For fixed m, uj, 



lim 



(auj) 

r 

mi 



Za,M- 



There exist (ao, M, wi, A2) < r^(ao, M, wi, A2) with 3M as ag ^ such that 

-V'{r*) > 6x3(r* " ((r^ + (r^)*)/2)(A/r2)(A2a.2 + aul) 
for r < , and 

V'{r*) > 6x3(r* " ((r^* + (rp*)/2)r-=^(A2C.? + a^?) 
where X3 is a fixed function such that Xzi^) - \^\ fof \x\ < .5, Xai^) ^ -5 



for r > 

for \x\ > .5 and Xs = 1 for = 1. 
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In general, limit points of the collection f^"^ correspond to r-values which admit 
trapped null geodesies. Let us note moreover that as qq -* M, we have rr ^ M = 
r+{M,M). 

Note that we have included the X3(^* ~ nierely so that our 

estimates do not degenerate in the limit ag 0, in accordance with our convention 
that b, B be independent of a for Theorem 

One can now clearly construct functions / whose properties are summarised in 
the proposition below: 



Proposition 9.5.2. Let A2 be given, wi be sufficiently large (depending on X2), 
and, in the case of Theorem , let \a\ < oq for sufficiently small oq, whereas, 
in the case of Theorem let a\ < uq for arbitrary ao < M. Then, for each 
{m,£,uj) 6 T^, there exists a function f = f^^^\r*,a) depending smoothly on aoj 
and a such that 

(1) f'{r*) > for all r* , and f > b{A/r^)r-^ > for r^ < r < R 

(2) / < for r < r^j'^ and f > for r > r^^f , 

(3) -fV - If" > 5(A/r2)r-3 > 0, 

(4) fV > bxUr* - {{r.r + {r:r)/2){^/r')M + a^) r < r., fV > 
bxUr* - ((r-^r + (rp*)/2)r-3(A2C.? + a^cf) ^nr>r-. 

(5) lim^.^-oo f{r*) = -1, 

(6) for r* >RX,f= 1, for some R4. 

As always, the convention is that b depends only on M, and, in the case of 
Theorem |1.2[ also on oq. 

We apply now the energy identity corresponding to the current Q-^. We obtain, 
for r*^ <r*,r*^>R*, 

b {A/r^)r-^\u'f + {A/r^)r-^\uf 

Jr» 

+ Alr\-\l{r* - {{r-^y + (rp*)/2)(l - X[r^,rj])((A™^ + aW) + io^)\uf 
< f^" 2fRe{u'H) + f'Re{Hu) 

+ Q(C)-Q(r!oc), 

where X[r-,r+] denotes the indicator function of [r^,r^]. 

In essentially replacing / by (1 - X[r-,r+] )X3(''* - ((^p* + (''^)*)/2), we have 
thrown away some information. This is because this extra positivity cannot be 
characterized by a differential operator after summation, whereas for convenience, 
we have stated our main theorem as a classical integrated energy estimate. For a 
more refined "pseudodifferential" statement, one merely should retain the frequency 
dependent / multiplying the term {Xmt + a^iJ^) +10^ . It is this sum which is proven 
to be bounded. 

It is worth adding here that in the case m = 0, or alternatively, in the Schwarz- 
schild case a = 0, by a slight variant of the above construction, one in fact could have 
chosen / independently of m, £, centred always at Zq.a/- Cf. the construction of 
Section 4.1.1 of 06j for Schwarzschild. 
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9.6. The JFjj range (time-dominated frequencies). First some general facts: 
Note that for all \a\ < M, we have 



for all r > r+ . For small enough A2 and large enough uJi , we have, using also ( 55 ) 
and Proposition |7.1.3] say 

uj^ -V> w^, 

2 

for frequencies in T^. Finally, there exists an i?5 such that, for all \a\ < M and all 
frequencies (not just in T^)^ we have V'{r) < for r > i?5. We may take -R5 > R. 
We shall define here a h^-current. 

In the case of Theorem |1.2[ we note that under the decomposition V =Vq + Vi 
of the previous section, since m = 0, then Vi is independent of a;, and say 

in for wi sufficiently large. V = V+. Recalling Za^M from the previous section, we 
may now choose, for wi sufHciently large, a y = y{r*) such that y' > everywhere, 
y{za,M) = 0, y' > 2CuJl^A/r'^r~'^ in (r+,i?5] and y = 1 for y > i?5 + 1 say, without 
loss of generality we have selected R5 such that also < for r > i?5 . 

In the case of Theorem one does not in general have a unique vanishing 
point for Vq in this frequency range. Let us note, however, that for (uj,m,£) e 
we have 

\V'\<B{A/r^)r-\{X„u + aloj^) + l). 

We may now define a function y such that say y >0, y' > BA/r^r^^ in (r+, i?5] and 
2/= 1 for 2/> i?5 + 1. 

We apply now (37) with h^. For r < Vc, we have that 

S' > 2yRe{u'H) 

where, in the case of Theorem |1.1[ we must possibly further restrict uji to be large. 

On the other hand, for Tc < r < Rc^, we have, choosing ioi, sufficiently large, A2 
sufficiently small, and in the case of Theorem |1.1[ choosing uq sufficiently small, 

h' > 6(A/r2)r"2(-^2 ^ (^^^^ ^ ^2^2^ ^ ^^)|^|2 ^ 2yRe{uH). 
Finally, for r > R^, we have 

h' > 2yRe{u'H). 

In view of the inequality R^ > R, we obtain thus for > R* , r*^ < r* 



f 



; y~'^°° 22/Re(u'i?) 
+ hV:,)-h'(r!^). 
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10. Summing 

We now wish to reinstate the dropped indices m,£,auj. For all r*^, r*^ we have 
obtained an identity which we may write as 




Here C represents the terms containing the inhomogeneous term F arising from 
the cutoff. Summing over m, £ and integrating over w, we obtain 



(56) 



J —OQ J r I) 

+ /°°E(BL7^(--^)-BL7^(r!.))d-, 



where we have used the regularity properties of the relevant functions to interchange 

with 

We thus have that the liminf of the left hand side as r*^ -* ±oo is less than 
equal to the limsup of the right hand side. This will be the main inequality. 

Let us note finally that we may now consider the entirety of our frequency 
parameters (wi, Ai, A2, Ws) to have been chosen, with the choices depending only 
on M, and, in the case of Theorem |1. 2 [ possibly oq. Thus, constants which depend 
only on these may in what follows be denoted simply by _B, 6. 



10.1. The main term. For all r*_^ sufficiently negative and sufficiently positive 
we have in view of the properties of Section [7. 3| that 

me 

In accordance with our conventions, the integral on the left is now with respect 
to the volume form. In particular, the inequality holds for the liminf of the right 
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hand side. We obtain immediately 

-'{0<t*<T'}n{re<r<_R} 

< lim inf r °° f'^°°Y, ^m^^ '^^* 

+ B{r^, R)e-' X-^'-e-} ^.""''[V^l^.^.'-e-} 
(57) +B{r,,R)e-' f J^-^^M^.. 

~/ i i * — f 



=0}' 



where the last term arises because the domain of integration on the left hand side 
includes [0,e"^] and [t' -e^^ ,t'], and (in the case of Theorem 1.1 ) we have appealed 
to (the first inequality of) Proposition 5.3.2| (In the case of Theorem 1.2 we may 
define eg and e to be 1 and appeal to Theorem 14. 11) 



10.2. Error terms near the horizon and infinity. We have 

J-oo Jr*^ ^ J{r<rJn{0<t*<T'} 

+ |log(r-r+)|-2(r-r+)-V^ 

<B.{ao + q) f ^ ^ ^^i^im' 

J {r<r c}n{0<f<T'} 

(58) +\log{r-n)\-\r-r^)-'^/. 

Here q is the parameter of Section |9.3.1[ which remains to be chosen. In the case 
of Theorem |1.2[ this estimate holds without the Oq term. 
On the other hand, we have 



(59) 



\J{t*=0} ^ J{t*=T'-e-^} 
JU 



{r>R}n{0<f <t'} 



{t*=r'-£-i} 



T+eo 



where the spatial integrals arise in estimating the O'th order term (via Hardy) 
which arises from the band where ip and "03^ do not coincide. We have used the 
first inequality of Proposition |5.3.2] in the case of Theorem |1.1[ while we have simply 
appealed to Theorem |4.1| in the case of Theorem |1.2[ taking in the latter case eg = 1. 

One should perhaps note in advance that these terms will be absorbed in Sec- 
tion|10.5 by the main term of Section 10.1 after appealing to Propositions 5.2.1 5.3.1 



and 



6.1 and choosing the parameters accordingly. 



10.3. Error terms from the cutoff. These are the terms containing H . 

Let Rj > R he such that for r > R-j, the current seed functions satisfy y = f = 1 
for all frequencies. We may take R7 to be specifically: 



(60) 



i?7 = max{i?3, e2^R2, Ri, Re + Ij ^5 + !}■ 
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Note that all these parameters have already been selected with the exception of £2, 
We now split the error into two parts: 

J -00 J-r_„ 



(61) 



The integrand in r* of the second term of (61) can be written (where we have 
used the properties of Section 7.3) 



E 47^(0Re(e;)(r)vI/(„7)(r) + dl-\r)Re{Fi:-\r){dr..^t-\r))dc. 
< r°°E^3^(A/r^)^'^(0l^^iT^rW+e3(A/r2)r^(r->L7¥+--'l(9.**)L7^rrf- 

/OO 27r TT 

/ / f"^ sine d(f)dedt 
00 Jo Jo 

+ e3(A/r2)r2 r^"" r-\{ijji^f + (dr'^f) sin 9 d(t>d0 dt 

J-00 Jo JO 

<e3^B(A/r2)Tj(r)r2 C'' f sin 9 d4>de dt 

J-00 Jo JO 

+ Be3{A/r'^)r^ C'' r'^^^ + {dr-ipf) sin9 d(t)d9 dt* , 
Jo Jo JO 

(where the dr- derivative is still in {t^r,9,(j)) coordinates), where ea > can be 
chosen arbitrarily, and where 'u(r) is a nonnegative function depending on the 
choice of and q, with 

supTj(r) < B{Rr,q). 

r>r+ 

The reader should note that unfavourable powers of r have all been incorporated 
in the definition of v in view of the fact that in the domain of integration r < R-j. 

Integrating thus with respect to r*, and recalling our comments concerning the 
volume form in Section 2.9 and using the estimates for F in Section [Sj we obtain 



P f""yC^^fdujdr*<B{Rj,q)e.'e^( f + f 

J-00 Jr*^ me \ J{0<t*<£-i}n{r</?7} J{r'-e-i<i*<r'}n 

J {a<f<T'}n{r<R.7} 

<B{Rj,q)etei[ +f ,U^'[^K 

\J{t*=0} J{t*=T'-e-i}/ 

(62) +Bes f r-3(V? + (a,.V)') 



}n{r<Rr} 



We have appealed in the above to the first inequality of Proposition 5.3.2 Note 
that it is (equivalently J^^^) and not J^+'^o^ which appeared above, and this 
is why it is essential that we have the extra smallness parameter e, arising from the 
estimate of F. 
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We turn to the first term of (61 ). In view of the fact that f{r) = 1 (or y{r) = 1) 
is independent of w, m, £, we have in fact that this term equals precisely 



Jm J-o 



2\-l/2 p^iau)^ 



rn,£. 



(63) 

where we have here used the properties of Section [7?3l This integral is supported 
only in {0 < < £-^} u {r' - e"! <t* < t'} n {r > R-j). Recalling that 

(64) F=2V"Cr',eVaV' + (agCr',s)V', 

and noting that dr*^x = S,T',edr*ip for sufficiently large r, we see immediately that 
the contribution to ( 63 ) of the first term of ( 64 ) can be controlled (using the first 
inequality of Proposition 5.3.2 and a Hardy inequality) by 



(65) 



B 



\J{t'=0} J{t*=r'-£-i}/ ^ 



One should note in the estimate above that the factor coming from the integral 
in time cancels the e factor appearing in the estimate for F. 

We also note that A(r^ + a"^)'^/^ difi'ers from (r^ + a^)^/^ by terms which are 
lower order in r and can as above be bounded by (|65|). We are thus left to bound 



/ I Iir (^'■'^^''^ a^y'^^T',,^^)) {r^ + a^fl^Ug£,r',ei^s,\^ed<t)dedt''dr\ 
which we may rewrite as 

/ I IZ (^'■*((''' + a'f'Hr'A)) ((^' + a'fl^ir'A) {Cr'.eOgCr',e)sin9d4>d0dedr* 

It follows that we may integrate the above by parts with respect to r* say, to 
yield a boundary term supported only in {0 <t* < e"-^}u{r'-e"^ <t* < T'}n{r > R}, 
easily bound by (65), a vanishing boundary term at infinity for sufficiently large r* 
in view of the compactness of the support, and finally a term 

which, in view of the bound in r > R^: 



is also easily bound by ( 65 ) . (In fact the above bound holds with but this is not 
here necessary.) 

Thus we have obtained that 



(66) \imsupf'^fyZcl:fd^dr*<B(f +f )j 



T+e„N 
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10.4. Boundary terms. By the properties of Section [7731 we obtain the estimate 

ml 

{{dt^^y + idr>yjxf + \a\id^^^f) (rl^) sine dtd(bde 
+ B{q){\rlJ + l)-' P f\^jl + Wj^\'){rl J sine dtd<f>de. 

J-oo Jo Jo 

Note that we have absorbed factors of r in B. The factor + 1)"^ could in fact 

be replaced by an exponential. 

Taking the limit supremum as r*^^ -oo, we have that the second term on the 
right side tends to 0, while the integral in the first term has a well-defined limit 
which can be expressed as an integral on the event horizon. We have thus 

lim sup f Y.'^'^m'i\^-oo)d<^ 

<B{q) J°° £^ JJ {{dt^p^)^ + {dr'i'^f + \a\{d^^^f) (r+) sine dtd4>de 
Jh* Jn* 

J'H+n{0<t*<T'} ^ J'H + n{0<t*<r'} ^ 

+ B{q)e'([ +[ 

\ J«+n{0<t*<e-i} J«+n{r'-e-i<t*<r'}/ 
J'H+n{0<t*<T'} J'H + n{Q<t*<T'} ^ 

(67) +Biq)e(f +f ]3^[m'- 

Here we have used the fact (see Section [277| ) that on "H^, dr* -dt = C{M, a)9^, with 
|C|(Af, a) < Bgq, Proposition 5.3.2 and a Hardy inequality to deal with the O'th 
order horizon term. 



Note that in the case of Theorem |1.2[ the above inequality holds formally setting 
eg and to 0. 

The other boundary term vanishes for sufficiently large in view of the com- 
pactness of the support as assumed in the reduction of Section |4.6| 



10.5. Finishing the proof. We now add e times the estimate of Propositions |5 . 2. l] 
and 6.1 (applied to the original ■0 with S = {t* = 0} and r = r') to the limit of (56), 
choosing e sufficiently small, f sufficiently close to r+, and 5 sufficiently small so 
that f + 2d < r^, so that the bulk terms on the right hand side of the former two 
propositions are absorbed in the lower bound for the main term of ( 56 ) , as derived 
in Section 10.1 The constant e is now fixed, and we arrive at an inequality where 
in particular 

b f er-^-^3^[i,] + {e\\og{r-r^)\-'^{r-r^)-^ + r-^-^)i>'^ 

J{0<t*<T'} 

appears on the left hand side, together with the nonnegative boundary integrals on 
and {t* = t}. The constant e being chosen, we may in what follows encorporate 
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it into constants b, B, in accordance with our usual conventions. On the right hand 
side are error terms which must be controlled, as well as a term of the form 



(69) 



J{t*=o} 



our data term. We wish to absorb the right hand side error terms into (68), 



producing only more terms ( 69 ) on the right 



Choosing q > sufhciently small (and, in addition, oq > sufficiently small in 



the Case of Theorem 1.2) it follows that one can absorb the error terms arising 
from the right hand side of (58) in Section 10.2 with (68). We choose £3 so that 
the second term on the right hand side of ( 62 ) is absorbed also by ( 68 ) . We may 



choose €2 , R2 so that the second term of ( 59 ) is absorbed by ( 68 ) . Note that the 
choice of R2 , £2 determines i?7 in view of the comments after ( 60 ) . 

In the case of Theorem |1.2[ since we can safely appeal to Theore m |4.1[ choosing 
£ = 1, all remaining terms on the right hand side are controlled by ( [69^ where we 
now drop the dependence of B on the already-chosen constants, and the proof of 
([4]) is complete. 

In the case of Theorem |1.1[ Restricting to sufficiently small ap , we may choose 
Co < e = e' < e such that the spacetime term on the right hand side of the first 



inequality of Proposition 5.3.1 (applied for f in place of r', and in place of t, with 
< f < t' arbitrary, and with r, S chosen as above) can also be absorbed. (The 
other term is of the form (69 ).) Wc choose e sufficiently small so that the first term 



of (62 ) and the third term of (67 ) are absorbed by the positive boundary terms just 



generated. Given now arbitrary Bq > 0, by restricting to smaller ag, there exists 
an eg < e = e" < e such that, adding Bq times the inequalities of Proposition 5.3.1 



the spacetime term on the right hand side can still be absorbed by ( 68 ) . It suffices 



to choose Bq large enough so that the left hand side absorbs the remaining future 



boundary terms (the term of (57), the term of (59), the term of (66), and the first 
two terms of (|67])). We have obtained (|4]) for Theorem ] 1.1 [ for j = 0. 

We retrieve the boundedness statement ^ as well as the statement (|6]) by 
recalling that we still have the boundary terms on the left hand side of the inequality 



arising from our application above of Proposition 5.2.1 (alternatively, by revisiting 
Proposition 5.3.1 ). 
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^mt^ (r) (coefficients of * with respect 

to Carter's separation), 32 
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with respect to t), 32 
H (suitably rescaled version of 

u (suitably rescaled version of ^^^^ (r) 
eventually applied to = ^s^), 34 
i/i-related 

tp (a solution of Ogip = for p = gM,a)y 3 
tps< (cutoff version of tp), 33 

admissible hypersurfa<;e, 22 

Carter-Penrose diagramme, 8, 16 

coordinates 

4> (Boyer-Lindquist coordinate), 15 

rf>* (fixed or Kerr-star coordinate), 13, 14 

6 (Boyer-Lindquist coordinate), 15 

6* (fixed or Kerr-star coordinate), 13, 14 

r (Kcrr-star or Boyer-Lindquist 

coordinate), 14, 15 
r* (Rcggc-Whcclcr-typc rescaled r 

coodinatc r* = r*(r)), 14 
t (Boyer-Lindquist coordinate), 15 
t* (fixed or Kerr-star coordinate), 13, 14 
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energy currents 

0- currents 

K^[*] (energy 0-current associated to 

vector field V), 22 
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w), 22 
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jjf ['3'] (energy 1-current associated to 

vector field V), 22 
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associated to vector field V, function 
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T^i/[*] (energy-momentum tensor) , 
21 
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9 (pronounced 'koppa'), 34 

Q (Q^M =?■'"[«] + '/[«]), 35 
h (also pronounced 'koppa'), 34 
ergoregion, 18, 19 

fixed functions 

spacetime functions 

A (A = r-2-2Mr + a2), 14 



K (surface gravity k = K(a, M)), 17 

p (p = + cos^ d), 15 

V (potential V = V^""^(r*) arising 

from separation), 34 
Vb (proportional to + a^'ijp' , 

satisfies V = Vq + Vi), 42 
Vx (satisfies V = Vb + Vi), 42 
^+,flat (satisfies Y = V+fi^t + V^unk), 39 
Vind (independent of aui, m, i, satisfies 

Vind > V+,flat), 39 
Vjunk (satisfies V = V+^flat + Vjunk), 39 

fixed parameters 
r-paramctcrs 

Rfj (large parameter associated with 
41 

(associated to .7"[j), 43 
R (parameter associated with large-r 
current), 29 

r+ (larger root of A = 0), 14 

r- (smaller root of A = 0), 14 

ro (associated to N), 25 

ri (associated to A''), 25 

R2 (large parameter associated with 

:F|,), 39 

Ri (large parameter associated with 

^^). 44 

R5 (large parameter associated with 

^|), 45 

R7 (large parameter associated with 
the seed functions being constant), 
48 

rc (near- horizon parameter), 36 
r3M+ (parameter associated with ^j,), 
41 

r^M- (associated with T^), 41 
''oti (assoicated wtih J^^, i = 1, 2), 41 
^mi"^ (unique zero of V for range), 
"43 

''mpi (associated with J^^, i = 1,2), 41 
^a,M (unique zero of for range), 
42 

in statements of main theorems 

e (e = e(M), determines smallness of 

ao 1 < ao < e) , 9 
s± (s± = s±(a,M)), 9, 10 
large parameters 

Ai (frequency parameter), 35 

t' (*■* -parameter associated to the 

cutoff), 33 
-R3 (large parameter associated with 

r^), 36 

small parameters 

S (associated with the large-r current), 
29 

€2 (associated with T^), 39 
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£3 (associated to bounding cutoff 

terms), 48 
A2 (frequency parameter), 35 
(jji (frequency parameter), 35 
013 (frequency parameter), 36 
£ (associated with the cutoff), 33 
Cj (associated with J^^, i = 1, 2), 41 
eo (auxilliary smallness parameter 

eo(a) such that T + cqN is timelike 

in r > r+ for gM,a), 26 
p (associated witii 36 
q (associated with ^^), 36 
frequency labels 

i (labels eigenspaces of Pm), 30 
^miiO (eigenvalues of the operator 

PiO), 31 
oj (frequency associated to Fourier 

transform in t), 31, 32 
m (azimuthal wave number, labels 

eigen-spaces of d^), 30 
frequency ranges 

(frequency trijjlct range, 
'angular-dominated' frequencies), 35 
J^^ (frequency triplet range, 'bounded' 
frequencies), 35 

(frequency triplet range, 
'time-dominated' frequencies), 35 

(frequency triplet range, 'trapped' 
frequencies), 35 

general constants 

B (generic large positive constant 

depending on M and ao), 21 
b (generic small positive constant 

depending on M and ao), 21 

Lorentzian-geomctric concepts 
^ (induced covariant derivative 

associated to ^), 17 
D"''(S) (future domain of dependence of 

S), 23 

''V (covariant derivative with respect to 
standard unit-sphere metric 7), 32 

maps 

ip-r (one-parameter family of diffeos 
generated by T), 13 
metric parameters 

a (specific angular momentum parameter 

of Kerr metric) , 14 
M (mass parameter of Kerr metric) , 14 
metrics 

7 (standard unit metric on fixed-(r, t) 

spheres), 32 
^ (induced metric from gM.a on the S'^ 

factors of the diffcrential-topological 

product defining 7?.), 17 
9M,a (the Kerr metric with mass M and 

rotation parameter a), 15 



operators 

□ g (wave operator associated to 

Lorentzian metric g), 3 
P(f ) (Laplacian on oblate spheroid with 

parameter 5), 30 
PmiO (restriction of P(^) to L^), 30 

Penrose process, 19 
photon sphere, 5, 20 

redshift effect, 5-7, 18, 19, 25, 26 
Reissner-Nordstrom, 18 

Schwarzschild, 5, 20 
seed functions 

/ (seed function / = f{r*) used with 

template Q), 35, 41, 44 
h (seed function h = h(r*) used with 

template 9), 34, 37 
y (seed function y = y{r*) used with 
template h), 34, 37, 40 
separability, 5, 20 
sets 

£ (the ergoregion), 18 
H* (event horizon, = &R.), 13 
TZ (manifold-with-boundary on which V 
is defined), 13 

superradiance, 4, 6, 18, 19, 26-28 

surface gravity, 17 

trapped null geodesies, 5, 20 

uniform boundedness, 4, 24 

variable parameters 

S (used in application of red-shift 

estimates), 26 
e (used in application of red-shift 

estimates), 26 
r (used in application of red-shift 

estimates), 26 
vector fields 

Oj (angular momentum operators for 

SM, j = 1---3), 17 
$ (Killing 'axisymmetric' vector field), 13 
K (Hawking vector field), 16 
TV ('red-shift' vector field), 25 
T (Killing 'stationary' vector field), 13 
Z (the Boyer-Lindquist dr coordinate 

vector field), 15 
Z* (the Kcrr-star dr coordinate vector 

field), 14 

well-posedness, 23 
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